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1. Introduction

This paper is result of the work carried
out by Task Force Nr 2 of CIGRE WG 15.01
"Fluid Impregnated Insulating Systems". The
Task Force was set up with the purpose to
study the determination of the dielectric
withstand of fluid impregnated insulating
systems,

Since the beginning of the work it be-
came clear that the study of the dielectric
strength of any kind of electrical insula-
tion is based on dielectric tests on suit-
able samples and that both the design of the
tests and the analysis of the results re-
quire the application of statistical meth-
ods. It was decided then to delimit the ac-
tivity of the Task Force to the study of the
statistical analysis of dielectric test re-
sults.

In the course of the work it was real-
ized that the matter was already treated by
CIGRE WG 33.03 "HV Testing and Measuring
Techniques". A liaison was then established
between the two CIGRE bodies as a result of
which the papers prepared by each one are
not redundant.

The WG 33.03 paper [1] is strictly re-
lated to the revision of Appendix A of IEC
Publication 60-2 "High-Voltage Test Tech-
nigues" (1973). It contains a classification
of HV test procedures and a short descrip-
tion of the analysis of test results by
classjcal methods (momentum and regression
estimation of parameters) and by the maximum
likelihood methed. The classical and the
maximum likelihood methods are compared with
the aim to show the advantages of the lat-
ter. Theoretical explanations are not given.
Reference is made to the vast mathematical
literature.

The nature of the present paper is dif-
ferent. It is intended as a gquide for the
analysis of the results of any kind of di-
electric tests by means of statistical meth-
ods based on the principle of the maximum
likelihood. The other classical methods, ex-
cept the most simple graphical method, are
not considered since the advantages of the
likelihood approach have been shown in [1].
However, to facilitate the readers interest-
ed in the classical methods and to allow
comparison with the likelihood approach, an
extract of reference [1], regarding the
classical methods, is reproduced here in
Appendix 8.

The present paper has alsc tutorial
character and therefore it contains more
information, more detailed explanations and
examples of practical application of the
likelihoed method to the most frequently
used types of dielectric tests.

Moreover, in order to ease the under-
standing of the analysis and to reduce the
possibilities of application and interpreta-
tion errors, some new terms are introduced,
or more stringent definitions of existing
ones are given in the paper (for ex. the
term test-voltage and the classification of
the tests in type P and type F in Sect. 2}.
This is in line with one of the aims of the
paper that is to suggest a common language

among the people interested in research on
electrical insulation and in testing of med-
els or complete equipment.

2. Dielectric tests

2.1 Test-voltages

The dielectric tests are characterized
by the application of one or more test-volt-
ages to the terminals of a test object ac-
cording to a specified procedure.

In general the voltage applied during
the test varies with time, u=u(t), starting
from an instant t, at a value U, and ending
at an instant t, at a value U,. A test-volt-
age is defined completely by all the values
of u{t) in the interval t—t,. Moreover it
is necessary to ascertain that neither the
results, nor their interpretation, are in-
fluenced by the events occurred before t,
and after t . As concerns the effects on the
insulation, it may be possible to simplify
the definition of U(t) giving only a few
parameters, critical for the behavior of the
insulation. Examples of such simplified

definitions of the test-voltage' shape are
the parameters which characterize the stan-
dard lightning and switching impulses speci-
fied in the IEC Publication 60-1 (1989-11)
f3). In other cases, for example in tests
with ac or dc test-voltages, their shape
should be completely defined as indicated
below.

The most frequently used test-voltages
are the following:

a) Impulse test-voltages
The impulse test-voltage, as specified
in {3] is an aperiocdic transient voltage
which rises rapidly to a peak value and then
falls more slowly to zero. It may have vari-
ous shapes which are characterized by three
parameters: front time (T,), time to half
value (T,) and peak value (U,). These parame-
ters refer to "full impulses". There are
also "chopped impulses" which are impulses
suddenly interrupted by a disruptive dis-
charge causing a rapid collapse of the volt-
age , practically to zero. Such impulses are
characterized by two additional parameters:
time to chopping (T.) and steepness of the
voltage collapse. Some of the impulses nor-
mally used in dielectric tests are:
- Standard lightning impulse (Ty=1.2ps,
T,=50us)
- Standard lightning impulse chopped on the
front (T.=1.2 ps)
- Standard lightning impulse chopped on the
tail (T =2us to 5us)
- Standard switching impulse (250/2500us)
- Special switching impulses (100/2500ps,
500/2500us etc.)

' In thie paper the term test-voltage (with the
hyghen between the two words) indicates the concept
defined in Section 2.1 above, otherwise the hyphen
will be omittad. The term voltage stress, introduced
in [2], is changed here into test-voltage to avoid
confusion with voltage gradient (voltage/distance}.
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b) Constant test-voltages
A constant test-voltage is cobtained with a

dc voltage and consists of:

- a first part in which the voltage is in-
creased up to the test level, usually lin-
early, starting from zerc, or from a value
sufficiently low to neglect its influence
on the insulation;

- a second part in which the 1level is
maintained constant until failure, or un-
til a prefixed time limit t ;

- a third part in which the voltage is de-
creased to zero gradually or abruptly, by
opening the circuit.

The parameters that define the constant

test-voltage are therefore: the rate of rise

r of the voltage {in the first part), the

voltage level U and the maximum duration €,

{(in the second part).

Alternating voltages with peak wvalues
that vary according to the pattern of the
three parts described above can be consid-
ered conventionally as constant test-voltag-
es.

¢) Stair test-voltages
A stair test-voltage is obtained with
d.c. voltages and consists of parts in which
the voltage is increased, usually linearly,
followed by parts in which the voltage is
kept constant as shown in Fig.l. The voltage
is varied in this manner until the failure
of the test object, or until the maximum
voltage of the test equipment is reached
without failure.
The stair test-voltage is defined by the
following parameters:
U, - initial voltage level
AU - voltage step (voltage increment)
r =~ rate of rise of the veoltage between two
successive voltage levels
t, - duration of each voltage level
Alternating voltages having peak values
that vary according to the diagram in Fig.1
can be considered conventionally as stair
test-voltages.

Ay

Y

Fig.l - Example of stair test-voltage

4} Ramp test-~voltages

The ramp test-voltage is a continuously
increasing wvoltage, usually starting from
zero with constant rate of rise until the
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failure of the test object, or until the
maximum voltage of the test equipment is
reached without failure. The ramp test-volt-
age is defined therefore only by one parame-
ter: the rate of rise r (expressed for ex.
in kV/s). According te the value of r the
ramp test-voltages can be of dc type or of
impulse type. An example of this last type
are the "linearly rising front chopped im-
pulses indicated in [3].

Alternating voltages with continucusly
increasing peak values c¢an be considered
conventiconally as ramp test-voltages.

e) Family of test-voltages

A family of test-voltages is a group of
voltages of the same type in which one of
the parameters defining the voltage takes
various values., For example standard switch-
ing impulses with different peak values form
one family of test-voltages.

Although the family of test-voltages,
obtained from the variation of the peak val-
ue U for impulse test-voltages, or the
voltage level U for constant test-voltages,
is by far the most frequently used, there
are also other families, based on the varia-
tion of parameters such as the rate of rise
r of the ramp test-voltages, the front time
T, of impulse test-voltages, the duration t,
of constant test-voltages etc.

f} Complex test-voltages
In some cases it is convenient to con-
sider a particular sequence of test-voltag-
es, pertaining to the same family, as one
complex test-voltage. The parameters that
define such complex test-voltage are:
- the type of the single test-voltages
- the values of the parameters that charac-
terize the first single test-voltage
applied and the rule for their variation
in the seguence
-~ the time interval between the single suc-
cessive test-voltages.

2.2 Insulation behavior under a test-voltage

The effects of a test-voltage on the
insulation are quite complex and some of
them not well known. However, from the prac-
tical point of view, it is expedient to de-
fine only two possible cutcomes of a test-
voltage application: failure or withstand.

The definition of failure depends on the
phenomenon of interest. The failure can be
defined as the total breakdown of the insu-
lation, or as the appearance of partial dis-
charges with apparent charge higher than a
specified limit, or as the beginning of gas

evolution in the insulation etc. etc..
The withstand c¢an be defined as '"no
failure’”.

The physical processes that determine
the failure are of a random nature. In con-
sequence a statistical approach should be
applied to the study of this phenomenon,



considering two aspects:

» The simple fact that a failure occurred
under a particular test-voltage. This is a
random event characterized by its proba-
bility of occurrence P.

+ The time t, (f,<t,<t ) at which the failure
took place. This time is a random varia-
ble?! to which are associated:

- A probability distribution function F(t)
giving, for every value t, the probabil-
ity that t, = t.

- A probability density function f£(t)
which is the derivative of the distribu-
tion function:

dr{t)

£(E) = T

(2.1)

Therefore dF(t)=£f(t)dt is the infinites-
imal probability that the random vari-
able t, take the value t (tst,<t+dt).
In many cases conly one of the above aspects
is taken inte consideration.

The probability P of the event "failure"
and anyone of the functions f(t) or F(t)
characterize the response of the insulation
to the applied test-voltage. Regarding the
last two characteristics, for the sake of
simplicity, in the following only the func-
tion F{t) will be considered. Obviously when
F(t) is known it is possible to determine
also f(t), if it exists.

It is important to emphasize here that
any change in the shape of the test-voltages
may change the characteristics P and F(t)
which, therefore, depend on the applied
test-voltage.

After a failure some types of insulation
completely recover their insulating proper-
ties while others do not. They are named
self-restoring and non-self-restoring insu-
lation respectively.

In case of withstand it is possible that
the insulation characteristics remain un-
changed or they may change both negatively
(deterioration) or positively (improvement
or conditiening). It is very important to
keep this in mind when a series of test-
voltages is applied to an object during a
dielectric test.

2.3 Procedures of test-voltage application
and information that can be obtained

In the determination of the dielectric
characteristics of an insulation one or more
test-voltages are applied to it according to
a specified procedure.

When the insulation characteristics do
not change under the effect of the applied
voltage, the test object can be submitted to
the complete test procedure. Then, if the

? When the meaning of a term, related to proba-
bility and statistice, is not reported explicitly it
is intended that the definitions given in the IS0
standard Nr 3534 (1977) (4] are applicable.

insulation is alse self-restoring®, several
series of tests ending with failure can be
repeated on the same object. If the insula-
tion is non-self-restoring, the object must
be changed with a nominally equal cne after
each failure.

When the insulation characteristics
change under the effect of the applied volt-
age the object should not be submitted to
the complete procedure and should be changed
after each test-voltage application. Howev-
er, there are cases when this rule is not
applied, for example when the purpose of the
tests is to investigate precisely how the
insulation characteristics are affected by
the applied test-voltages.

Generally the test procedures are based
on the applicatien of egual or different
test-voltages. Let us examine the most com-
mon procedures and the information that is
usually obtained from the corresponding test
results.

A} Equal impulses

One freguently used procedure consists
in the application to the test object of N
impulses having the same shape and peak val-
ue U. The result of such experiment is a
certain number of failures N, and a certain
number of withstands N =N-N,. When, in the
case of withstand, the characteristics of
the insulation do not change under the ef-
fect of the applied test-voltages, the prob-
ability of failure of the test object rela-
tive to the application of one impulse can
be estimated from the ratio:

(2.2)

From the oscillographic record of each fail-
ure it is possible to measure the time to
failure t and then, from the data obtained
in this way, to estimate the corresponding
probability distribution F(t).

B) Different impulses

The procedure described in A) can be
repeated for different peak values of the
impulses, maintaining constant all the other
parameters. In other words the impulses are
of a particular family of test-voltages.

If the insulation does not change its
characteristics under the effect of the ap-
plied impulses, the results obtained permit
the estimation of:

- the failure probability P, relative to the
application of one impulse, as function of
the peak value of the test-voltage:
P=P(U);

- the probability distributions of the time
to failure relative to different peak val-
ues: F(U,t).

3 Self-restoring refers to insulation tested in
laboratory. The same insulation may not be self-re-
storing in actual service (for example because of the
power in the arc ensuing a sparkover).
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Three methods of test-voltage applica-
tion are used in the procedures based on
different impulses:

Multiple level method

A certain number of voltage levels is
chosen and the same number of impulses N is
applied at each level. The failure probabil-
ity relative to the level U; is estimated
from the ratio:

Ng;

} o= g 2.3
P(U;) s (2.3)

where N, is the number of failures observed
at the level u,.

The multiple level method is suitable for
the estimation of the characteristic P(U) in
the interval of wvoltage levels taken into
consideration.

te od

This method consists in the application
of a family of impulses with peak values in-
creased by steps until failure.
The failure probability corresponding to a
given voltage level U, {always on condition
that the applied impulses do not change the
insulation characteristics) can be estimated
from the ratio:

Ny, (2.4)

CARR

where N, is the total number of impulses
applied at the level U,.

50, the characteristic P(U) can be obtained
in the same way as in the case of the mul-
tiple level method. The difference between
the two methods is in the value of N;, which
is constant in the multiple level method
while in the step method it is not fixed in
advance and is a result of the tests.

As effect of the step procedure N, dimin-
ishes with the increase of the voltage lev-
el. In consequence the number of applied
impulses is not distributed uniformly over
the voltage range and the precision of the
characteristic P{U) is better for the lower
voltage levels. Therefore the method is to
be used when we are interested in voltages
having low failure probabilities.

ang wn metho

This method is described in [3] and reported
here in Appendix 1. Alsc in this case the
number of applied impulses is not distribut-
ed uniformly over the test-voltage range.
Most of the applied impulses result concen-
trated around a voltage level having a fail-
ure preobkability P, the value of which is se-
lected in advance. So, the method is suit-
able for the determination of this particu-
lar characteristic: the voltage U_ to which
corresponds a failure probability P.

C) Equal constant test-voltages
The outcome of the application of a con-
stant test-voltage with level U, to the test

8

object is a failure at the instant t<t or no
failure within the time limit £ . In conse-
quence the results of the appllcatlon of N
constant test-voltages having the same level
U consist of N, values of the time to fail-
ure (t,, t,, ..., t,) and N=N-N, withstands
i.e. N, unknown values of t for which we
know only that t>t . Tests of this kind,

during which some withstands have occurred,

are named censored tests and the data ob-
tained censored data.

Arranging the times to fajilure in in-
creasing order (i.e. >t), the cumulative
probability of fallure F(t) can be estimat-
ed from the ratio:

Flt) = $3 N, (2.5)

N; being the number of failures occurred at
the instant t;,. Since the time to failure
can take any value in the interval 0—+t  the
cumulative probability F(t) is a contlnuous
function.

When the test results are censored it is
possible to estimate the failure probability
P, relative to the application of one con-
stant test-voltage from expression (2.2) as
in the case of equal impulses,

D) Different constant test-voltages
The procedure described in €} can be
repeated at different levels of the test-
voltage U. The insulation characteristics
that can be estimated from the results are:
- the failure probability P, relative to the
application of one constant test-voltage,
as function of the voltage level: P=P(U);
— the probability distribution of the times
to failure relative to each voltage level:
F(U,t}.
This procedure is equivalent to the multiple
level method described in B)}). In fact all
the procedures inveolving impulses are appli-
cable also to the constant test-voltages.
S50, with the constant test-voltages it is
possible to use the multiple level, the step
and the up and down methods.

E) Equal ramp test-voltages

In the tests with ramp voltages the re-
lation between the time t elapsed from the
beginning of the test and the voltage u,
applied to the test object, is well defined
(usvally u=rt). The outcome of the applica-
tion of a ramp test-voltage, therefore, can
be expressed either by the time to failure t
or by the corresponding voltage u. So, the
result of N ramp tests will be a series of
values of the above quantities.

If the maximum voltage U, of the test
equipment is not sufficiently h1gh to cause
always the failure of the test object, the
result of the application of N ramps will
consist of N; values of the failure voltage
Yy, Y4, ... ,4, and of N =N-N, unknown values
of u about which we know only that they are
hlgher than the limiting wvoltage U, . Here
again we have the case of censored data.



From the test results it is possible to
estimate the failure probability distribu-
tions F(u) or F(t) in the same way as ex-
plained in C).

F) Equal stair test-voltages

If the results of the tests with equal
stair voltages are expressed as a series of
values of the time to failure, the consider-
ations made about the ramp test-voltages are
directly applicable to the stair test-volt-
ages.

However it should be noted that, in the
stair tests, to any value of t corresponds a
well defined value of U but not vice versa
(see Fig.l1l). In other words the relation
between voltage and time is not "bi--
univocal" as in the ramp test. Therefore
some information is lost when the results of
the stair tests are expressed only by the
voltage level at which the failure occurred.
In spite of that, it is more usual to pres-
ent the results as series of failure voltag-
es and, when a failure occurs during the
variation of the voltage from the level U,
to the level Ui it is generally accepte&
to report conventionally as failure veltage
one of the two levels, for example U, In
this way the failure voltage becomes a dis-
crete variable and, in order to keep this in
mind, the corresponding cumulative probabil-
ity function will be indicated with F(Up).

G) Egqual complex test-voltages

The most frequently used complex test-
voltage consists of a series of impulses, or
constant voltages, with increasing ampli-
tudes.

The complex test-voltage, consisting of
series of constant voltages with increasing
amplitudes is similar to the stair test-
voltage. So, it can be named complex stair.
The difference between the two test-voltages
can be seen from Fig.2 which shows the com~
plex stair in which there are intervals with
zero voltage between the single constant
voltages while in the stair test-voltage,
illustrated in Fig.1, such intervals do not
exist. The term complex stair can be applied
also when the single voltages in the series
are impulses.

iu

T T ¥ T T o

Fig.2 - Example of voltage varied according
to the step method

The characteristic determined with the
application of egqgual complex stairs is the
cumulative probability F(U)), which is a
discrete function, as explained in F) for
the simple stair procedure.
N.B. Attention should be paid to avoid con-
fusion between the step method and the
test procedure with equal complex
stairs. In fact, in both cases impuls-
es, or constant voltages, with increas-
ing amplitudes are applied to the test
object. However, the same set of exper-
imental data can be viewed in two ways:
+ as data cobtained applying different
test-voltages that are simple and, in
such case, the characteristic P(U) is
estimated,

or

* as data obtained applying egual test-
voltages that are complex and, in
such case, the characteristic F(U))
is estimated. The last estimation can
be made also when the insulation
characteristics change under the ef-
fect of the applied voltages.

Results of this kind are analyzed in

Appendix 7 - Example Nr 7.

The test procedures discussed above and
the information that can be obtained are
summarized in Table 1.

In many cases not all the information
that can be obtained from a test is neces-

TABLE 1 INFORMATION OBTAINED WITH THE DIFFERENT TEST PROCEDURES
TEST-PROCEDURES
TEST-VOLTAGES EQUAL DIFFERENT TEST-VOLTAGES
TEST-VOLTAGES MULT.LEV. UP & DOWN STEP
Impulse P, F(t) P{U), F(U,t) u, P(U), F(U,t}
Ceonstant F(t) P(U) U; P(U), F(U,t)
Ramp F(u}, F(t) - - -
Stair F{U;), F(t) - - -
Complex stair F(U;) - - -




sary. For example, in impulse tests the time
to failure is often of no interest and what
we are looking for is the peak value of the
impulse which causes the failure i.e. the
characteristic P(U). On the contrary, in the
tests with constant test-voltage we are usu-
ally more interested in the characteristic
F{t). So, according tc the characteristics
we want to estimate from the experimental
results, i.e. according to the purpose of
the tests, the last can be classified in two
groups: tests of the type P and tests of the
type F. It is expedient to emphasize here
the differences between the two tests and
the two insulation characteristics.

In tests of type P the information is
obtained applying a series of egqual test-
voltages to the object. So, these tests are
named alsoc constant-stress tests. The insu-
lation characteristic of the type P repre—
sents the relationship between the variable
and the failure probability P. For example,
in the case of impulse tests, P(U) is the
probability of failure when one impulse with
crest value U is applied.

In the tests of type F the variable X

(equal to U or t) is increasing in the
course of the test and therefore these tests
are named also progressive-stress tests.
The insulation characteristic of the type F
is a distribution function i.e. a function
F(X) giving, for every value X, the proba-
bility that, in a test, the random variable
be less then or equal to X. By definition
F(X) is always increasing while this state-
ment is not valid "a priori" for P(U).

The information obtained from dielectric
tests, performed according to the procedures
described here, can be used for various pur-
poses such as insulation design and coordi-
nation, comparison, acceptance or rejection
of equipment etc.. It is important to select
the procedures that suit better the purpose
we have in mind. However, the detailed exam-
ination of the various purposes that the
dielectric tests may have and the choice of
the most suitable test procedure is not
within the scope of this paper.

The principal aim of the paper is to
present a method for the estimation of the
insulation characteristics of the type P and
of the type F by means of statistical analy-
sis of experimental results.

An estimation of the characteristics of
the type P and F can be done graphically.
Such estimation is very simple but has some
disadvantages which can be avoided by the
statistical analysis at the cost of a great-
er complexity.

For the better illustration of the sta-
tistical analysis it is expedient to examine
first the graphical approach and its prob-
lens.

3. Graphical estimation of insulation

characteristics

3.1 Ccharacteristics of the type P

Let us consider an experiment consisting

10

of a series of tests with impulses applied
according to the "multiple level method"
(see sect. 2.3 B). A certain number of volt-
age levels {impulse peak values) are select~
ed and N impulses of each level are applied
to the test object. Suppose that the insula-
tion of the object does not change its char-
acteristics under the effect of the applied
impulses (except in case of failure). The
tests, therefore, are mutually independent.

An example of results obtained in this
way is given in Table 2. It refers to tests
with special switching impulses 400/4000 us
of positive polarity on a 2 m rod-plane gap
in air. The results relative to the level U
consist of a number of failures N, and a
number of withstands N =N-N,,. The relative
frequency of failure P_=N,/N is an estima-
tion of the failure probability P,, associ-
ated with the application of one impulse
having peak value U;. In Fig.3 the estimated
values P, of the failure probability are
indicated with e and plotted versus the peak
value U of the impulses.

One of the problems to be considered in
the estimation of the insulation character-
istics is related to the "uncertainty” of
the experimental results. In fact, if the
experiment is repeated the results will not
necessarily be identical with those of the
first experiment because of the random char-
acter of the failure event. The failure fre-
quency N, is a random variable and since the

tests are independent +the corresponding
probability distribution is that of
Bernoculli (or the binomial distributicn).

So, repeating the experiment several times,

- we shall cbtain a set of different estima~
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Fig.3 - Failure probability of type P



tions P, of the failure probkability P,. The
"true" value P; can be cobtained only from an
experiment consisting of a very high (theo-
retically infinite) number of tests. Obvi-
ously, this is not possible and, therefore,
it is important to have an idea about the
amount of "uncertainty" in the estimation of
the failure probabilities.

Making use of the experimental results
and the binomial distribution we can cons-
truct an interval about the estimated value
P, and state, with a specified confidence ¢,
that the "true" value P of the failure prob-
ability lies in the interval. Such interval
is called 100.C% confidence interval. For a
90% confidence interval, the statement will
be correct in about 920% of the times in the
sense that, if we make numerous replications
of the experiment and compute each time the
corresponding confidence interval, in about
90 cases out of 100 the confidence intervals
will contain P.

The end points of the confidence inter-
val are called confidence limits. These lim-
its depend on the number of failures N,, on
the total numbar of tests N and on the conﬂ
fidence C‘. They can be obtained from tables
for "two sided confidence limits for a pro-
portion" available in many statistical manu-
als. An example is Table 21 taken from [5]
and reproduced here in Appendix 2.

In Fig.3 the values of P, are shown together
with their confidence intervals.

TABLE 2 EXAMPLE OF TYPE P TEST
Test object: Rod-plane 2 m air gap
Test-voltage: s + 400/4000 ps
Test conditions: Dr{ tests; N=20 for
voltage levels
u Py 90% CONF. LIM. (%)
Ne
(kV) (%) LOWER UPPER
795 o] o] 0 12.6
815 2 10 2.7 25.5
8135 o] 0 0 12.6
850 4 20 9.0 36.7
870 7 35 20.1 57.8
8390 11 55 35.8 74.5
910 12 60 6.7 77.9
930 19 95 79.7 99.5
950 18 90 74.5 97.3
970 20 100 87.4 100.00

Another problem is presented by the need
of information about the insulation behavior
when impulses having the same shape but peak
values different from those of the experi-
ment are applied. Such information can be
obtained from a great number of experiments
but, normally, this way is not practical due
to the high costs invelved. An alternative
approach to the probklem is based on the

' ¢ is named confidence coefficient in the sta-
tistical literature.

plotting of an "interpolating curve" between
the experimental points. For the purpose a
certain number of assumptions about the
function P(U} are made. The experience has
shown that it is acceptable to consider this
function continuous, smooth and, practically
in all cases, increasing with U. Then it is
possible to plot "by eye" a curve having
these characteristics anpd satlsfylng the
condition to lay inside the majority of the
confidence intervals of the experimental
points. This, however, is not always easy.

In Fig.3 are shown two "possible" curves
and it is difficult to decide which one is
better. Obviously the graphical procedure is
rather subjective because there is an infi-
nite number of curves that satisfy the re-
gquirements specified above and the selection
between them is arbitrary.

3.2 Characteristics of the type F

For the illustration of the graphical
procedure suitable for the estimation of
insulation characteristics of type F, let us
consider tests with ramp voltages.

In Table 3 is given an example of re-
sults obtained from tests on 50 mm point-to-
-sphere gap in transformer oil with 50Hz
ramp voltage having rate of rise r=1kV/s. In
these tests the appearance of a partial dis-
charge pulse with apparent charge exceeding
100 pC was defined as failure. Since the oil
insulation of the gap, tested in these con-
ditions is self-restoring, 20 tests have
been performed on the same object.

TABLE 3 EXAMPLE OF TYPE F TEST
Test object: s0 mm point-sphere
- : gagz P amp =1 kV/s
¥§?§u¥glgﬁg§erion' ggmg foo pC/
i uy Ny | =Ny Fgl(Uy)
= (kV) - - (%)
1 20.5 1 1 5
2 21.7 1 2 10
3 22.2 1 3 15
4 22.3 1 4 20
5 22.4 1 5 25
] 22.8 4 9 45
7 23.3 1 10 50
8 23.4 2 12 60
9 23.5 2 14 70
10 23.8 1 15 75
11 23.9 1 16 80
12 24.3 1 17 85
13 24.6 1 18 90
14 25.0 b 13 95
15 25.2 b 20 100.
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In Table 3 are given the failure voltages,
arranged in increasing order, their frequen-
¢y of occurrence N;, the cumulative frequen-
cy EIN, and the estimated values F =N, /20 of
the probabilities F(U.). In Fig.4 is shown
the step diagram corresponding to the values
of F_(U;). This diagram is called empirical
distribution function and represents the
estimation of the function F(U). If the num-
ber of tests is increased the number of
steps in the diagram will increase and their
height will decrease. For an infinite num-
ber of tests the step diagram will become a
smooth curve corresponding to F(U). So, if
we prefer, we can substitute the empirical
distribution with a smooth curve placed
somehow within the steps and consider this
last curve as estimation of F(U). Here again
we are faced with plotting difficulties be-
cause the shape of the curve and its posi-
tion in respect of the step diagram are not
completely defined.

Since the estimation of F(U) is based on
a finite number of tests we have to keep in
mind that it is uncertain. In fact, repeated
tests usually give different results and,
therefore, different empirical distribu-
tions. Thus, alsoc in this case, it is impor-
tant to have an idea about the amount of
"uncertainty" in the estimation of the func-
tion F(U}). For the purpose a "confidence
bapd" can be formed around the empirical
distribution functien, constructed in such a
way as to obtain a 100-C% probability that
the unknown distribution function F(U) lies
entirely within its bounds.

The bounds of the confidence band can be
determined as follows:

upper bound = F (U,) + w(N,C)

lower bound = F, (U;} - w(N,C)
where w(N,C) is the Kolmogorov test statis-
tic which depends on the number of results N
and on the confidence coefficient €. The
values of w(N,C) can be obtained from Table
14 taken from [7] and reproduced here in
Appendix 3. Obviously the upper bound can
not exceed 1 and the lower bound can not be
extended below 0.

Let us determine the 90% confidence
bounds of F,(U) relative to the data of Ta-
ble 3. From the table of Appendix 3 it can
be seen that for N=20 and €=0.9% the value of
the Kolmogorov test statistic for two sided
test is’: w(20,0.9) = 0.265 (26.5%). The
confidence bounds corresponding to this val-
ue of w are plotted in Fig.4.

3.3 Bome comments about the graphical
estimation

The graphical estimation of insulation
characteristics of the type P and F has the
advantage to be very simple. The data treat-
ment consists only in the determination of
the relative frequencies Ny, /N, or ZN/N. No
other calculations are needed. The informa-

* In Appendix 2 the symbols used for N and C are
n and p respectively.
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tion for the determination of the confidence
limits and bounds is obtained from tables
available in the statistical 1literature.
Only one hypothesis jis= made when the esti-~
mated curves of the failure probability are
plotted, namely the hypothesis that the
functions P(U) and .F(U) are continuous and
smooth. F(U)} is increasing with U by defini-
tion while for P(U) such an hypothesis is
known to be reasonable from experience.

The main disadvantage of the graphical
estimation is the subjective character of
the curve plotting. In fact an infinite num-
ber of curves can be plotted trough the ex-
perimental points, in the case of a P char-
acteristic, or trough the step diagram of
the empirical distribution, in the case of
an F characteristic. The selection of both
the shape and the position of the curve is
arbitrary.

A more objective method of curve plot-
ting is given by the "statistical interpola-
tion" of the experimental results which con-
sists in the following steps:

»* Selection of the type of interpolating
function usually specified by a mathemati-
cal expression. The last depends on the
variable and on a certain number of param-
eters the values of which are not known.

+ Selection of a c¢riterion for the %“best
fitting" of the interpolating function to
the test data.

» Determination of the values of the parame-
ters of the interpolating function from
the test data in manner to satisfy the
selected criterion for curve fitting.

These steps are examined in the next sec-—

tions.



4. Interpolating functions and probability
papers

The best functions to use for the inter-
pelation of the experimental results are the
ones that reflect the physical laws which
govern the failure of the insulation. Unfor-

tunately, in most of the practical cases,
these laws are not known. Therefore, any
mathematical expression, to which corre-

sponds a curve that fits sufficiently well
the experimental data, can be used as inter-
polating function.

At first, one of the most important
probability distribution functions used in
statistics i.e. the Gaussian, or Normal,
distribution was adopted. For several years
this distribution was employed in the analy-
sis of the results of dielectric tests and
the engineers involved in dielectric prob-
lems got used to the parameters that define
it (i.e. the mean value and the standard
deviation).

Latter it was found that other distribu-
tions, namely those of Gumbel and Weibull
may, in many cases, fit better the experi-
mental data. The mathematical expressions
of these two distributions and that of the
Normal one are reported in Table 4. In this
table the independent variable is indicated
with X. So, this symbol may represent volt-
age or time according to the type of experi-
mental results which are analyzed.

The probability density ¢ and the proba-
bility distribution ¢ are given as functions
of the so called "standardized variate" y
which, on its turn, is a function of X. The
functions y(X) are also shown in Table 4. It
can be seen that they depend on twe or three
parameters.

For the Gumbel and the Weibull distribu-
tions in the table are given both the "clas-
sic" expressions, as presented in the rele-~
vant literature, and the "modified" ones.
The last are obtained from the classic ex-
pressions with a change of parameters in
manner to characterize all the three distri-
butions with the more familiar parameters of
the Normal distribution. The derivation of
the modified expressions is shown in Appen-
dix 4.

In the literature the parameters of the
Normal distribution are defined as mean (cor
expectation), denoted usually with g, and
standard deviation, denocted with ».

When characteristics of the type F are
considered, the values of x and ¢ can be
estimated from the test results by means of
the expressions:

B = —Zliii g2 = (x; - pi?

N N-1

(4.1)

However, these expressions can not be ap~
plied to censored data and when characteris-
tics of the type P are considered. In fact
the voltage levels in type P tests are se-
lected by the operator and their mean value
and standard deviation have nothing to do
with the funetion P(U).

Since the functicons &(X) of Table 4 are
used for the interpolation of results of
both type P and type F tests, it is impor-
tant to avoid possibilities of misinterpre-
tation and errors. For this reason it is
preferred here to avoid the use of the mean
and the standard deviation as parameters and
to adopt in their place the following quan-
tities:

X5y — the value of X to which corresponds a
probability of 50%

Z - the difference between X5 and X,, the
last being the value of X to whlch cor-
responds a probability of 15.87%.

These parameters have been chosen because
one of the characteristics of the Normal
distribution is that X, is equal numerically

to the mean,to the median and to the mode®:
Xeg = o = Xy = X, For the Gumbel and the
Weibull distributions Xy coincides with the
median (¥4p=X,y) but the mean, the median and
the mode do not coincide. The peculiar value
of 15.87% has been chosen for ¢(X,) in order
to obtain 2 = ¢ in the case of Normal dis-
tribution. In this way the parameters X5y and
Z, in spite of their different meaning, re-
main familiar to those engineers who are
accustomed with the use of the Normal dis-
tribution and, what is more important, they
are directly comparable to all the values of
s and ¢ available in earlier publications.

From Table 4 it can be seen that the
Weibull distribution depends on three param-
eters. In the classic expression these pa-
rameters are:

exponent, called also shape parameter
because it defines the shape of the
curves (X) and ¢(X)
scale parameter; X = X - X,

location or threshold parameter' to XsX
corresponds &(X )=0.

The presence of the threshold parameter
X, makes the Weibull distribution more at-
tractive to the engineers because it corre-
sponds to the intuitive idea of a withstand
voltage. With the other two distributions
the withstand voltage should be defined as a
voltage to which corresponds a certain, suf-
ficiently small failure probability. The
choice of how small should be this probabil-
ity remains arbitrary.

On the other hand, the presence of three
parameters makes the use of the Weibull dis-
tribution more difficult. In order to avoid
this inconvenience, very often it is assumed
that X, is equal to zero. This simplifies
the mathematics but one of the attractive
characteristics of the Weibull distribution
is lost.

In the modified expression of the
Weibull distribution the threshold parameter
is defined as follows:

X, = X — K ,Z (4.2)

5 The mode is the value of X for which the
probability density function @({X) is maximum.
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where K, is a new parameter which indicates
the "distance" between the median and the
threshold values of X in terms of Z. Having
defined X, in this way, the following rela-
tion is obtained (see Appendix 4) between
the exponent o and the parameter K,:

- 1.39
K,
Inl —=&2.
K, -1

Therefore, the functions ¢ and ¢ still de-
pend on three parameters, namely on Xepr 2
and K . One advantage of this change is the
possibility to give reascnable values to K,
{for example in the range 3 to S) and to
reduce in this way the number of the param-
eters to two and still having U#0,

For each interpolating function of Table

4 it is possible to construct a probability
paper which is an useful tool for testing
the fit between the experimental data and
the selected function.
The probability paper is a rectangular grid
where the variable X is plotted on one axis
(usually the horizontal) and the probability
on the other axis (usually the vertical).
The scales of the two axes are chosen in
such a way as to represent the selected in-
terpolating function ¢(y)} by a straight line
when plotted against X. The construction of
the probability papers is explained in ap-
pendix §.

The primary use of the probability paper
is to assess the adequacy of the selected
interpolating function to represent the test
data. For the purpose the test results are
first plotted on the corresponding probabil-
ity paper. In fact the choice of a proba-
bility paper is identical with the choice of
an interpolating function. If the results
follow a fairly straight line, then it may
be reasonable to assume that the selected
function is adequate.

The probability paper is an improvement
of the graphical method because it elimi-
nates the plotting difficulties related to
the shape of the interpolating curve. This
improvement, however, is obtained at the
cost of an hypothesis about the type of the
interpolating function.

(4.3)

5. criteria for fitting a function to test

data

The problem of fitting an interpolating
curve through the experimental data is not
completely resolved by the transformation of
the curve in straight line on the probabili-
ty paper. The gquestion is how to draw such a
line through experimental data that general-
ly do not fall exactly on a straight line.
An infinite number of lines can be plotted
through the data and the problem is to iden-
tify the "best" one. For the purpose it is
necessary to define a criterion for the
"best fitting". The most used one is that of

the "least squares" but it is not applicable
to all kinds of results that can be obtained
from dielectriec tests and, in particular, to
censored data (7]. For this and many other
reasons, it is recommended in this paper to
use the criterion of the "maximum likelji-
heod". This criterion is based on the "prin-
ciple of the maximum likelihood" which pre-
sumes that the function which gives the

"best fitting" to the experimental data is

the one to which corresponds the maximum

probability of obtaining these data. The
maximum likelihood method for curve fitting
can be summarized as follows:

* An hypothesis is made about the type of
interpolating function #(X).

* Assuming that &(X) is true it is possible
to determine the probability P_ of obtain-
ing the results at hand.

* The mathematical expression of P_ depends
on the results, which are known and on the
parameters of ¢&(X), the values of which
are not known and have to be determined.

» An infinite number of hypotheses can be
done about the values of the parameters
of ¢(X) and for each one it is possible to
calculate P,.

* The likelihood of an hypothesis is defined
as a guantity L proportional to the proba-
bility of obtaining the results, the con-
stant of proportionality XK being arbi-
trary: L = KP, The likelihood L, being a
function of the parameters, is known also
with the name likelihood function.

* In the comparison of two rival hypotheses
to be preferred is the one with the higher
likelihood. Therefore the "best values" of
the parameters of ¢{(X)} are the ones for
which the likelihood function I attains
its maximum.

The maximum likelihood method is advan-
tageous because it gives a very general so-
lution to the curve fitting problem. any
type of interpolating function can be chosen
and it is not necessary to "linearize" it
for the determination of the parameters. The
use of suitable probability papers, there-—
fore, is optional. The method is applicable
to all kinds of test results including cen-
sored data, values of P, equal to 0 or 100%
etc. Moreover, the maximum likelihoed prin-
ciple can be applied in the choice between
different interpolating functions, in the
determination of confidence bands and limits
ete.. It is the basis of a general approach
to the solution of the problems related to
all the steps of the statistical analysis of
dielectric test data. The illustration of
this approach is the subject of the next
sections.

6. Likelihood functions

Let us select an interpolating function
@(X;A,B)T and assume that it is the true
representation of the failure probability
P{U) or F(X).

? Although only two parameters A and B are indi-
cated, the considerations that follow are valid for
any number of parameters.
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The likelihood L of an hypothesis H
about the values of the parameters (H: A=A,
B=B,), given the set of results R and the
type of probability function &, is defined
as a guantity proportiocnal to the probabili-
ty of obtaining the results P, the constant

of proportionality K being arbitrary:

Similar expressions can be written for any
other hypothesis about the wvalues of the
parameters so that in general we have:

L(R;A,B) = KP_(R;A, B) {6.1)

As indicated in (8], the arbitrary con-
stant K enables us to use the same defini-
tion of likelihood for discrete and continu-
ous variables alike, and is no impediment to
its use which invariably involves compari-
sons of likelihoods. In fact K is a constant
in any one application, involving many dif-
ferent hypotheses but the same data and
probability model. It is, of course, not
necessarily the same constant in another
application. This too is no hindrance be-
cause there is no need to make an abscolute
comparison of different hypotheses on dif-
ferent data.

The difference between likelihood and
probability is explained in [8)] as follows:

"Whereas with probability, the results R
are variable and the hypothesis H (i.e. the
values of A and B) is constant, with likeli-
hood H is the variable for constant R. ...

The distinction between probability and
likelihood is wvital to an understanding of
the role played by each in inductive infer-
ence. When considered as a function of R,
the probability of obtaining the results
P {(R;A,B) defines a statistical distribu-
tion, either discrete or continuous. As
such, if we sum or integrate (as appropri-
ate) over all possible results R we will
obtain unity, by one of the axioms of the
probability. Likelihood, on the other hand,
is predicted on fixed data R, and for vary-
ing hypotheses may be regarded as a function
of the hypotheses (or the parameters). But
this function in no sense gives rise to a
statistical distribution, and there is
ncthing in its definition which implies that
if summed over all possible hypotheses (even
if these could be contemplated} or integrat-
ed over all possible parameter wvalues the
result will be anything in particular."

In dielectric tests the probability of
obtaining the results P, and the likelihood
L depend on the procedure of the test-volt-
age application and therefore their expres-
sions must be determined for each type of
test.
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6.1 Type P tests (constant-stress tests)

In type P tests the same test-voltage is
applied many times to the test object. Only
two outcomes are considered for each appli-
cation: fallure or withstand. If the proba-
bility of occurrence of one event E, is in-
dependent of whether or not another event E,
has occurred, the event E, is said to be
statistically 1ndependent of the event E,.
For such events is applicable the theorem of
the product: the probability of the simulta-
neous occurrence of a number of statistical-
ly independent events is equal to the prod-
uct of the probabilities of each event oc-
curring separately:

P(E,E,Ey...) = P(E,) P(E,) P(E,) ...

Let P denote the probability of failure.
Then the probability of withstand will be
Q=1-P. In an experiment consisting of N
tests, the probability of obtalnlng N, fail-
ures and N =N-N; withstands, in a partlcular
order, accordlng to the above theorem is:

, = PYeoN (6.2)

Usually we are not interested in the order
in which the failures occur. The number of
orders in which N; failures and N, withstands
can occur is:

These orders are mutually exclusive events,

so the probability of exactly N, failures
{in N independent tests), irrespectlve of
order, 15 the sum of the probabilities for
all the c"f orders:

N! Ny N,
P, = ———_._prp_v .
= waNat? (6.3)
The expression (6.3) represents the

probability of obtaining the results in type
P tests performed with equal test-voltages.
In the determination of the corresponding
likelihoed function L it is expedient to
choose K=(N/!N,!)/N! in order tc obtain the
simple expression:

I = PN‘QN' (6.4)

As indicated in Section 2.3 B) and D),
tests with equal test-voltages can be re-
peated at different levels. Let us consider
an experiment consisting of tests performed
at k different voltage levels. For each lev-
el U, the probability of obtaining the re-
sults will be P, as given by (6.3). Since



the tests at the various levels are statis-
tically independent events, the theorem of
the product applies and the probability of
obtaining the whole set of results relative
to all levels is:

N,

k k
Ny AN,
Pe= [1 2 = [ oo™ (69
i=l A=1 £1** wi-

Since we have assumed that P(U)=¢(X;A,B), it
can be seen that the above expression de-
pends on the parameters A,B and on the re-
sults N, N, .

With a suitable choice for K we obtain
for the likelihood function relative to
"multiple level tests":

k

k
L=z =]J & 0 (6.6)
=1

FLE i

6.2 Type F tests (progressive-stress tests)

In type F tests the variable X (voltage
or time) is increased until failure. The
result of an experiment consisting of N
stress applications is a set of values of X:
X, with frequency N;, X, with frequency N,,
.-- + X, with frequency N,. Obviously msN and
N, +Ny+. . +N =N.

We have assumed that F(X)=¢(X;A,B) and
therefore for the probability of obtaining
the result X, in a given test we can write:

P(X=X;,) = ¢ (X;;A, B)dX (6.7)

where ¢=d®/dX. The probability of obtaining
the whole set of results (X;,N;}, irrespec-
tive of the order in which they occcurred is
then:

_Ni(dn ¥ ; 6.8
Pf‘NI!Nz!...Nm!E‘p(X"A'B) (e-8)

If we choose K=[(N,IN,!...N!)/N!]1/(ax)", we
obtain for the likelihood:

L= (X,;A,B ™M (6.9)
£l¢ 1

This is the classic expression of the like-
lihood function given in the relevant liter-
ature. However, it is not applicable to the
discrete probability functions F(U.) rela-
tive to the stair and complex stair test-
voltages described in Section 2.3. In fact
the derivative ¢(X;;A,B} has no sense for
discrete functions. Therefore an alternative
expression for the probability of obtaining
the results, valid both for continucus and
discrete functions, is determined as fol-
lows.

In the case of continuous functions
F(X}, the X-axis is divided in a certain
number of intervals which cover the whole
range X, -—X_ . of possible values of the
variable (usually X,,=0 and Xoax™=) - The

choice of the number and the size of these
intervals is arbitrary but it is convenient
that each interval contains at least one
result®. The maximum number of intervals,
determined according to this criterion, is
obviously equal to m (the number of differ-
ent values of X). Let the values of X be
arranged 1in increasing order, indicating
with X; the minimum and with X, the maximum
value, that is: X;=X,<X;s...=X,. The lower
bound of the first interval is Xpin (0). For
the upper bound we can choose any point be-
tween X, and X, say the point X, =({X;+X;) /2.
Then the lower limit of the second interval
will be x, and the upper X,=(X;%%;) /2. The
limits of the third interval will be %, and
X; etc. as shown in Fig.5. Obviously the
upper limit of the last interval is Ko (=) -

Fig.5 - Determination of the m intervals on
the X-axis for type F tests

The probability of obtaining N, results
in the interval "i* is:

[P (x:4,8) ~ @(x;,;4,B)]" = A® (4,8 ™

It should be kept in mind that for i=1 in
the above expression we have X =X, and
$(x,)=0.

The probability to obtain the whole set

of results, irrespective of the order in
which they occurred, is:
N! - N
P = — T VTAD (A, B™ {6.10)
r NilNz!...Nm!H o(& B}

Using the same criterion as before in the
choice of the value of K, we obtain for the
likelihood function:

L=J]a®, a B ™ {6.11)

i=1

It should be noted that $(x,==)=1 and there-
fore &8 =1-¢(x ).

8 This criterion is used mainly for small num-
ber of results, say SsN=20. In general the question
which is the "best minimum number of results" to
include in an interval needs further studies.
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The expression (6.11) remains valid also
for the discrete functions F(U;}. In such
case the U axis is divided agaln in inter-
vals, each containing at least one result,
but the upper limits of these intervals must
coincide with the test-voltage level it con-
tains, that is (with reference to Fig.5):

(6.12)

The reason for this choice is that the prob-
ability functions of Table 4, which are con-
tinuous, are used alsc to represent the dis-
crete functions F(%). When we do this we
make the hypothesis about the existence of a
discrete function which, for each value X;=u;
of the test-voltage, gives the same cumula-
tive probability as the continuous functions
2(X) of Table 4.

In this way, using expression (6.11) for
the 1likelihcod, the calculations for ramp,
constant voltage, stair and complex stair
tests are the sanme.

More comments about the two likelihood
expressions (6.9) and (6.11) are made in
Section 12.

6.3 Censored tests

As mentioned in Secticn 2.3, there are
type F tests in which the wvariable X may
have an upper 1limit X, and the test is
stopped when this limlt is reached even if
no failure has occurred. Examples of such
"censored tests" are those with ramp and
stair test-voltages when the maximum voltage
of the test equipment is not sufficient to
cause always the failure of the test object.
A more frequent situation is represented by
the tests with constant voltages of limited
duration.

In all the cases indicated above the
experimental data consist of a certain num-
ber of failures N, at different values of X
{X, with frequency N,, X, with frequency N,,
X, with frequency N and a certaln
number of withstands about which the only
thing we know is that X»X, (censored data).
Obv1ously N,=N +NZ+...+N and N =N-N,
where N is the total number of tests.

The probability of obtaining the N, fajl-

ures at the levels X, X,, ... , X, is pro-
portional to the likellhood functlon given
by expression (6.9) and the probability of
obtainlng N, results in the interval from X
to = is proportlonal to [1-¢(X 11", The
probablllty of obtaining both the Nf and the
N, results is proportional to the product of
the two expressions. In other words the
likelihood function in the case of censored
tests is given by:

‘e N

L=1[1-®(x.)] (6.13})

N, H‘P(X!) Ky

i=l

Similarly for the alternative expression we
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obtain:

L= (6.14)

N,ficub?

i=1

(1-®(x,)]

7. Parameter estimation and choice of

interpolating functions

As already mentioned, according to the
principle of the maximum likelihood it is
presumed that the function which gives the
"best fitting" to the experimental results
is the one to which corresponds the maximum
probability of obtaining these results that
is the maximum likelihood.

Suppose that we have obtained a set of
results R and that we have selected an in-
terpolating function @(X A,B). According to
the principle of the maximum likelihood, the
best estimation of the parameters A,B will
be the values Au,B whlch maximize the like-
lihood function i.e.

L{R; Ay, By,) = Ly,, (7.1}

The same principle can be applied in the
choice between different hypotheses about
the failure probability function. For
example we may have two hypotheses to com-
pare:

Hypothesis 1:
Hypothesis 2:

F(X) = §| (X;A,B)
F(X) = 2,(X;¢C,D)

Given the set of results R it is possible to
calculate the maximum values of the likeli-
hoods of the two hypotheses:

'maxi L(R;AH'BM)
Laxz = L(R;G,,Dy)

If Loo*Liyas ¢ is to be preferred and vice
versa.

8. Test codness of fit

As the choice of the interpolating func-
tion ®(X;A,B) is arbitrary it is necessary
to check if the last fits sufficiently well
the results. Statistically speaking we have
to test the hypothesis H,, that the failure
probability function P(X) or F(X) is equal
to the interpelating function &(X) we have
chosen, against the hypothesis H, that it is
not equal to that expression.

For the illustration of this statistical
test of hypothesis let us consider first the
case of dielectric tests of the type F.

Assuming that H, is true, it is possible
to calculate the probabxllty P, of obtaining
the results at hand by means of (6.11)



which, for facility, is reported here again:
Nt il N
P,= ——=2 ___ _JTA® (A, B)M (8.1)
£ zvlszvzs...rv,,,!11:11 1A B)

The best possible expression for ¢ is the
one for which (8.1} attains its maximum
value. This occurs when the probability ae,,
that the result of one test falls in the
interval "i", is equal exactly to the
observed relative frequency N,/N i.e. when
4%,=N./N. Therefore for the best possible

expression for ¢(x), which is not known (and
may even not exist), the probability of
obtaining the results at hand is :

m Ny
P = __IL._H N (8.2)
max = NINGT. . N 3\

The acceptance or the rejection of the hy-

pothesis H, is based on the value of the
ratio:
n N
II:&QI‘
- Pz - =1
g-= = = (8.3)
szax I’"I(Ni) :
Wi\ N

This ratioc is a quantity which clearly lies
between 0 and 1. It will be 1 when the hy-
pothesis H, is rigorously supported by the
results, i.e. when A¢=N,/N, and tends to 0
as the results N/N diverge more and more
from the hypothetical wvalues A%¢;. S50, the
criterion for rejection or acceptance (in
sense of no rejection) of H, can be based on
a suitably chosen limiting value Yq LOr the
ratio g. In other words we can not reject H,
if:

g2 dyn

The choice of the critical value g is

made considering the probability
distribution of g. 1In fact, since the
results are random g is also a random

variable to which corresponds a probability
distribution P(qg). Wilks [9] has
demonstrated that P(g) is independent of the
distribution &(X) from which the results are
obtained and that -21ln(g) tends asymptot-
ically to the chi-sgquare distribution:

-21n{g) = x*(v) (8.4)

where v is the number of degrees of freedom
which in this case is:

v = (Ninte:v - 1) - N,

param (8.5)

Nitery P€ing the number of intervals and N
the number of parameters of &(X)}.

In Appendix 5 it is shown how the cumu-
lative probability distribution of g is ob-
tained from that of x2?. Having defined the
function P(g) we can determine g, from the
condition:

param

(8.6)

P(9in) = Piin

where P.; is the limit we choose for the
probability of g being less than g;.. In
other words when, from an experiment, we
obtain a value of g such that P(g)sP,;, we do
not believe that H, is true. Usual values
for P, are 0.1, 0.05 and 0.01 but any other
low value can be chosen,

As regards the type P experiments, the
statistical test for goodness of fit has a
meaning only in the case of "multiple level"
(or "up and down") dielectric tests. In fact
in such case the results give the failure
probability P(U) as function of the stress
level and we can make the hypothesis that
P{(U)=2(X). In order to check that #(X) fits
well the experimental results we apply the
same procedure described above for the type
F tests. It can be summarized in the follow-
ing steps:

» Calculation of the probability of
obtaining the results, assuming that @(X)
is true, by expression (6.5) reported here
again:

k
_ N.i! Neygmy Vi
=11 Nf-!N-!P Q

Iel £ wi

(8.86)

* Calculation of the maximum possible wvalue
of the probability of obtaining the re-
sults, assuming that at each level of the
test-voltage U, the failure probability is
equal exactly to the observed frequency of
failure i.e. ¢(xj)=N”/Nj:

k N M,
r = H __ Mt [Nyt Mg Y™ (8.7)
R N !Ny '\ Ny Ny
» Calculation of the quantities: 9=P, /P rax

and x%=—2ln(g)

» Choice of P, and determination of the
corresponding value of g,,, as shown in
Appendix 6, taking inte account that in
this case the number of degrees of freedom
is:

V = Nyjow ~ ﬂ&mrdm (8.8)

where N

levels.

» Rejection of the hypothesis P(U)=¢(X) if
g9<g;;,, that is if P(g)<P,, or acceptance
if gzg,,,, that is if F(g)>P .-

is the number of test voltage

viev
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Since to higher wvalues of P(g) corre-
sponds a better fitting of the curve to the
experimental results, the value of P{g) can
be considered as an index of the goodness of
fit.

9. Uncertainties in the estimation of the
failure probability function

In the previous sections it was assumed
that the failure probability P{U) or F{X)
can be represented by the function ®(X;A,B).
The most likely values of the parameters
then were determined maximizing the likeli-
hood function L relative to the type of test
under consideration. Finally it was checked

if #(X;A,B) fits sufficiently well the
experimental results, This analysis,
however, is not complete. Since the number

of tests is finite, we have to keep in mind
that the results obtained are uncertain. If
we repeat the experiment we shall obtain, in
general, different results and in conse-
quence different values of the parameters.
In other words ¢({X;A,B) is only an estima-
tion of the “true" probability function. It
is necessary, therefore, to evaluate the
amount of uncertainty of this estimation.
For the purpose we have to introduce the
concept of confidence regicns of the parame-~
ters,

9.1 confidence regions

Let us consider an experiment which is
outcome is the set of results R. We make
then the hypothesis that the failure proba-
bility function is ®(X;A,B). Let A,,B, be the
most likely values of the parameters i.e.:

L(R; Ay B, = L, (9.1)

The couple of values A,,B, define a point in
the parameter space which in this case is
the plane {A,B)}.

Since the number of results N is finite,
the point (A,: By} does not coincide with the
point (A.,B,) corresponding to the "true val-
ues" of the parameters. We must therefore
consider the possibility that a certain
point, different from (A,B,) may be the
"true point" in spite of the fact that its
likelihood is lower than | P

The hypothesis that a point (A,B} may be
the "true point" can not be rejected, unless
the ratio "a'" between the corresponding
likelihoods is lower than a limiting value
Aint

. _L(rR;A,BY _ L(R;A, B) < a
= = 1im

L(R: Ay, B,) A

(9.2)

In the vast majority of practical cases, the
likelihood ratio "a" is particularly well

20

behaved, bkeing a continuous function with a
single maximum, away from the extremes of
the range of variation of (A,B). In conse-
guence, any line a(A,B) = const. divides the
plane {A,B} in two regions, one containing
all the points associated with "a" greater,
and the other containing those associated
with "a" smaller than the chosen constant.
It follows that the pair of values A,B which
satisfy the equation

L(R;A'B) = allmLmax (9'3)

define the boundary between the two regions.
This is illustrated schematically in Fig.s.

It is possible to choose the value of alin
in such a way as to obtain a pProbability ¢
that the point (A,,B,), corresponding to the
"true values" of the parameters, is contained
in the region for which a > a,,- In other
words if we repeat the same experiment sever-
al times we shall obtain, in general, dif-
ferent results each time and therefore
different boundaries for that region but, in
about 100:C% of the cases, the point (7,.,B,)
will be included in it. The region defined in
this way is named confidence region of the
parameters. The probability C is named con-
fidence level and is expressed either in per
unit (C) or in per cent (100.c).

The determination of the value of i
corresponding to the confidence level ¢ is
based on a theorem due to 5.5. Wilks {10} who
demonstrated that for large N the quantity -
2ln(a} follows the chi-square distribution
that is:

- 21n{a) = x*(v) (9.4)

where v is the number of degrees of freedom
which, in this case, is equal to the number
of parameters on which ¢(X) depends:

v =N

aram (9.5)

It should be noted that "a" has the same
probability distributicn as "g", only the
nunber of degrees of freedom is defined in a
different way. So, taking inteo account that
C=1-P;,, the value of 3,;s can be determined
in the same way as the value of 9, (See
Appendix 6).

The value of a, depends on the confi-
dence level C and the number of parameters

N,. Some values of a,, are given in Table 5.

It can be seen that they decrease with the
increase of C and N,.

The area of the confidence region de-
pends on the value of a,, and on the number
of tests N. It diminishes when a,, and N
increase.

The shape of the "locus", boundary of
the confidence region, depends on the type
of probability function ®(X), on the param-—
eters chosen, on the experimental results R,



TABLE 5

LIMITING VALUES FOR THE LIKELIHOOD RATIO

Ilall

C = 50% C = 70%

Cc = 90% C = 95%

Pl x*1im | 21im X*1im | @lim

] s . . .
X*lim 21im x*1im 281im

0.455 0.797 1.074 0.584

2.706 0.258 3.841 0.147

1.386 0.500 2.408 0.300

4.605 0.100 5.991 . 050

2.366 0.306 3.665 0.160

6.252 0.044 7.815 .020

3.357 0.187 4.878 0.087

7.779 0.020 009

M|l |]W]| ]|~

4.351 0.114 6.064 0.048

0
0
9.488 0.
11.070 0.004

9.236 0.010

etec. In the vast majority of practical
cases, the 1locus is closed as shown in
Fig.6. If the locus has a shape similar to a
circumference or to an ellipse having axes
parallel to the horizontal and vertical cnes
as in Fig.7a, the parameters A and B are
independent. On the contrary, a shape simi-
lar to the examples of Fig.7b and 7c is in-
dication of some relation between A and B.
In such cases a suitable change of param-
eters in the expressjion of &(X) may be con-
venient.

L (R;A.B)= Q)i Limax

By B

CONFIDENCE REGICN

Fig.6 - Representation of the likelihood
function and the confidence region of the
parameters

When the probability function depends on
one parameter only, that is &=¢(X;A), the
confidence region is reduced to a segment of
a straight line as indicated in Fig.8. This
segment A, —A,, is named also confidence
interval of the parameter A.

In the case of three parameters i.e.
9=¢{X;A,B,C)the confidence region becomes a
3-dimensional body 1like the one shown in
Fig.9.

In the general case of N parameters the
confidence region is a body in the hyper
space with N dimensions and can not be re-
presented graphically.

Bk

> ¥

b)

>
z
>\

el o)

BM ——

An A

Fig.7 - Examples of confidence regions:

a) Independent parameters

b) and ¢} Parameters with some relation
between them

9.2 Confidence bands for ¢(X)

From the confidence region it is pos-
sible to determine a confidence band for
&(X) which contains the true" function &
with confidence C%. For the purpose it is
expedient to determine, for any value of the
failure probability ¢, the extreme wvalues
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|
I
|
|
Amin
Fig.8 - Determination of the confidence
interval of a parameter when the interpo-

lating function depends only on this Pparame-—
ter

icC

///(AM-BM-CM)

oY

Fig.9 - Example of confidence region when the
probability function depends on three parame-
ters

Xpmin and X, that the variable X can take
when the values of the parameters vary with-
in the confidence region. In order to obtain
Xpin and X.ax We have to consider the "limit-
ing values" of the parameters that is the
points in the parameter space that lay on
the border of the confidence region. Mathe-
matically this means that for t=3, we have to
determine the maximum and the minimum of the
function X(¢,;A,B,...) subjecting the values
of the parameters A,B,... to the condition:

L(®,;A,B,.. (3.6)

o= alim‘[hax

To illustrate better the problem, let us
consider again the 2-parameter case., The
points located on the boundary of the region
represent the "limiting values" of the pa-
rameters. For any given value 2, of the fail-
ure probability, it is possible to caleculate
the values of the variable X(¢|;Aj,aj) where
the points (A;,B;) are approximately uniform-
ly distributed "along the boundary of the
confidence region as in Fig.10. Between all
these calculated values we can select the
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Y:!

/‘(AJ lBj)

+ (Aw.By)

A

Fig.10 - Points on the boundary of the confi-
dence region used for the determination of
the confidence band for the function ¢(X)

minimum Ximin @nd the maximum Xipax+ These op-
erations can be repeated for various values
of ®. The points (Xinine ¥} and (Xinaxr®;) are
points of the left and right confidence lim-
it curves for ¥(X;A,B) indicated in Fig.11.

For the case of N, parameters the deter-
mination of the confidence band is made fol-
lowing the same procedure but the points in
the parameter space, taken for the calcula-
tion of X, are nearly uniformly distributed
on the surface of the "N,-dimensional body"
representing the confidence region. The num-
ber of calculations therefore increases very
much with the number of parameters.

The width of the confidence band is Qi-
minished increasing the number of tests N or
reducing the confidence level C. At constant
number of tests it increases with the number
of parameters.

ir
(D(x; Ay -BH)

/

| Re

]
I
i
i
[
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1
P
]
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oo
i i
[
X X

i min i'max

Fig.11 - Confidence band of the Interpolating
function $(X)

9.3 Confidence intervals of the parameters

We have seen that the uncertainty in the
estimation of the parameters is represented
by their confidence region and by the confi-
dence band for the probakility function ¢.



Both representations are graphical. In many
cases it is preferred to present syntheti-
cally the experimental results in numerical
form. The estimated values of the parameters
{i.e. their most likely values A, By, ...) are
fregquently used for this purpose. The prob-
lem is to represent with a number also the
uncertainty of these values.

The first idea that comes to mind is to
characterize the uncertainty of each parame-
ter by its range of variation determined by
the extreme tangents teo the boundary R of
the confidence region, as shown for two pa-
rameters in Fig.12. This characterization is
simple but not completely satisfactory. It
is preferable to construct for each parame-
ter a confidence interval having a speci-
fied, constant probability € of containing
the "true" wvalue of the parameter. For the
range of variation this probability is high-
er than the required value C. In fact the
tangents define a new, rectangular, con-
fidence region which area is larger than
that included in the boundary of the origi-
nal, "elliptical" one. Obviously to that
larger region corresponds a higher confi-
dence level.

iB

(AH rBM)
+

SR

AA

Fig.12 - Range of variation of the parameters

With the purpose to obtain confidence
intervals of the reguired confidence level,
it is proposed in [11] to adopt the so
called composite confidence intervals of the
parameters. In order to clarify the meaning
of these intervals it is necessary to intro-
duce the concept of compeosite hypothesis.

The procedure we have followed in the
determination of the confidence region is
based on a statistical testing of hypotheses
about the wvalues of the parameters. For ex-
ample, in the case of 2 parameters we canh
make the hypothesis H;: A=A, B=B, and test
it against the alternative hypothesis H,:
A#A,, BrB,. The test consists in the calcula-
tion of the likelihood ratio:

L(R;A,. B,)
a = __S___ﬂ__ﬂm (9.7)
L(R;A,, B,

If axa;, we can not reject the hypothesis H_,
if a<a, we reject it. This kind of hypothe-

ses in which each parameter has a specific
value are named simple hypotheses.

We can consider a more general case when
hypotheses are made about the values of only
some of the parameters. For example we can
test the hypothesis: H,: B=B, without speci-
fying anything about the values of A. Hy-
potheses of this kind are named composite
hypotheses, For the testing of these hypoth-
eses we use the generalized likelihood ratio
which is the ratio between the maximum value
of the likelihood of the composite hypothe-
sis H, and the maximum value of the likeli-
hood of the simple hypothesis about the val-
ues of all the parameters. In our example
this ratio is:

2 = maxL(R;A, By)
€ T L{R:A, By

(5.8)

It should be noted that:.
maxL(R;A,B )=L(R;A ,B,)

where A' is the value which maximize
L(R;A,B,} and, in general, it wvaries
with B,. So, A should not be confused
with A,, even if there are cases in

which these two valges coincide for ex.
when B;=B, we have A=A,

We can substitute B, in (9.8) with any
other value of B. The hypothesis that one of
these values is the "“true® value of B can
not be rejected unless the corresponding
generalized likeliheood ratio falls below the

critical value a,,- Therefore we can deter-

mine an interval for the "possible" wvalues
of B from the condition:
L(R;A*,B) _
-__Lma_ = QAciim
X

The values of B obtained from the solution
of this egquation define the limits of the
interval which can be defined as composite
confidence interval for 3.

In the determination of the value of a .
it is necessary to keep in mind that the
number of degrees of freedom », in the case
of composite hypotheses, 1is egual to the
number of parameters with specified values
{(in our exanple v=1),.

A handy method for solving (9.9) is to
plot in the {A,B} plane the locus defined by
the equation:

L{(R;A,B) = agyplvax {(9.10}

and then to determine the confidence limits
B, and B, from the extreme tangents para}—
iel to the A-axis as shown in Fig.13. Obvi-
ously the same procedure can be used for the
determination of the composite confidence
interval for the parameter A. It should be
emphasized that the locus defined by (9.10)
and indicated with T in Fig.13 is considered
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here only as a means for the determination
of the confidence intervals of the parame-
ters and not as a particular confidence re-
gion.

The following considerations can be made
about the meaning of the confidence inter-
vals discussed above.

B A v vz
ha
B mox
h
8 min !
A nin A max A
Fig.13 - Determination of the confidence

intervals of the parameters

The probability of the event E, that the
abscissa A, of the "true point" {A,B) falls
in the interval Apin—h, 18 P(E,)=C,, where c,
is the confidence level we choose. Any point
(A,B), contained in the area confined be-
tween the two vertical lines v, and v, in
Fig.13 is considered as possible "true
point".

Similarly, the probability of the event
E, that the ordinate B, of the "true point"
(A,,B,) falls in the interval Boin—Bux 1S
P(Eg)=C;, where C; is the confidence level we
choose for this interval (usually Cg=C, but
this is not a necessary condition). Any
point (A,B), contained in the area confined
between the two horizontal lines h, and h, is
considered as a possible "true point".

Since the occurrence of E, does not de-
pend on whether E, has occurred or not, the
two events are statistically independent.
The probakility that they occur simultane-
ously is therefore:

P(E\E;) = C,Cp = C (9.11)

The rectangular area defined by the inter-
section of the lines v, and v, with h, and h,
can be considered as another 100:.C% confi-
dence region, to replace the original one
defined by eguation (9.3), and the intervals

Apin~Praxt  Bain—Bn.« cCan be considered as

100-CcY¥ confidence intervals relative to the
joint event B,E,.

So, the determination of the composite
confidence intervals in the case of two pa-—
rameters consists in the following steps.

» Calculation of the most likely values of
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the parameters A,,B, in the normal way,
maximizing the likelihood function i.e.:
I"(AH‘ BH) =Lmax'

» Determination of the limits A, and A, of
the 100.C,% composite confidence interval
of A by plotting, parallel to the B~axis,
the extreme tangents to the locus T, de-
fined by the expression (9.10). The value
of a_;, is obtained from Table 5 for v=N,=1
and for the selected value of C,-

* Application of the same procedure to B,
that is: determination of the limits Biin
and B, of the 100.C;% composite confidence
interval of B by pletting, parallel to the
A~axis, the extreme tangents to the
locus T,.

N.B. If C,=C, the two loci T, and T; coin-
cide: T,=T,=T.

For example, if we want to determine the
95% composite confidence intervals of A and
B, we can choose from Table 5 a,=0.147
corresponding to v=Np=1 and C,=C,;=95%.

The ceonfidence 1intervals determined in

this way have double meaning.
When we are interested only in the parameter
A, without specifying anything about B, the
interval A, —a is a 100.c,=95% composite
confidence interval. When we are interested
simultaneously in the values of both A and
B, the same interval A, —A_ is to be con-
sidered as 100-C,-C,=100-0.952=90% confidence
interval,

As regards the rectangular confidence
region defined by the intersection of the
four tangents, compared with the original
one, it has the disadvantage to include
points with likelihood lower than that of
points which are excluded. This is illus-
trated in Fig.13 where the areas of the rec-
tangular region, for which L(R;A,B)<a L.,
are dashed with vertical lines and the areas
out of the rectanqular region, for which
L(R;A,B)>a;; L., are dashed with horizontal
lines. In spite of this disadvantage, since
no better way of specifying confidence in-
tervals for the parameters is available at
present, it is suggested to use, when neces-
sary, the confidence intervals obtained from
the tangents to the locus T defined by
(9.10) .

Confidence intervals can be determined
not only for the parameters but alsoc for any
value of the varjable X. For the purpose a
confidence band for ¢(X) is obtained from
the locus T (instead of R) by means of the
calculations described in Section 9.2

10, Comparison tests

Often the purpose of dielectric testing
is to compare two or more insulating struc-
tures in order to determine which cne is
"better". This is necessary, for exanmple:

-~ in selection of insulating materials

- in selection of a suitable treatment of a
type of insulation (such as drying, degas-
sing and impregnation of solid insulation,
filtering and degassing of insulating lig-
uids etc.)



- in investigations on the effects of vari-
ous factors (such as humidity, tempera-

ture, ageing etc.) on a given insulation
characteristic, etc., etc..

Let us ceonsider the outcome of such

"comparison tests" performed on two test

objects and denote shortly with R, and R, the
two sets of results obtained. The analysis
of these results involves statistical tes-
ting of hypotheses which consists of the
following steps:

» Formulation of two hypotheses: a basic, or
working hypothesis, H, {(named also null
hypothesis) and an alternative hypothesis
H,.

» D;finition of a test statistic which de-
pends on H 2 and is a function of the ex-
perimental results. Its probability dis-
tribution must be known.

» Calculation of the value of the test sta-
tistic from the experimental results and
determination of the probability corre-
sponding to this value.

» Rejection of the hypothesis H, and accep-
tance of H, if the above probability is
lower than a pre-established linmit.

In our case the two hypotheses are:

H,: The results R, and R, come from the same
probability distributjon {i.e. the test
objects are equal). The differences be-
tween the two sets of results are not
significant and can be attributed to
statistical fluctuations.

H;: The results R, and R, come from different
probabkility distributions (i.e. differ-
ent test objects). The differences be-
tween the two sets of results are signi-
ficant.

Various test statistics can be used for
the testing of these hypotheses. The one
suggested by Wilks (9] is defined by the
ratio:

(10.1)

is the maximum possible value
of the probability of obtaining
the results R; and R,, subjected
to the condition that the set
of failure probabilities P,; and
P,;, relative to each interval,
or test-voltage level, "i" are
the same, that is P, =P, =F,.
P 45 the maximum possible value

of the probability of obtaining
the results R, and R, without
the above restriction.

-
where: P .

To make expression (10.1) more clear,
let us consider its application for type F
tests. For such tests the results R, and R,
can be presented in a table giving the num-
ber of failures N,; and Ny which fall in each
interval "i" of the X-axis (see Sect. 6.2).
With expression (8.2) we can calculate the
maximum possible value of the probabilities

of obtaining separately the results R, and

Rf
m N. . Ny
= 1
Prmaxl - Kxi-l( N:)
(10.2)
m N,
N. 21
P K _li]
max2 2
e = ][5
where: K1=N1!/N”!N12!.:.NME gnd
Ky=Ny! /Ny !Nyt oL oN,i.  The maximum possible

value of the probability of obtaining simul-
taneously the two sets of results R, and R,

is Poax=ProaxiProaxz @NG therefore:

m N N,
o Ny Y Mg}
P.rmax = K1K2H( Nl ] [TZ (10.3)

i=}

Let us assume now that the failure prob-
abilities relative to each interval "i" are
the same and egual to the relative frequen-
cies observed, taking together all the re-
sults R, and R,, that is:

Ny + N, N;
P1=21=P1=_._._=._...".‘.

; 10.4
; TR (10.4)

Under this restriction the maximum possible
values of the probabilities of obtaining
separately the results R, and R, are respec-
tively:

. el Ny
P rmaxi * KLH W
{(10.5)

m N, LT
P-:maxz = KZH(T

The maximum value ©of the probability of ob-
taining simultaneocusly the two sets of re-
sults under the condition (10.4) is

P'm“=P emax1E rmaxz @Nd therefore:

* - 2 Ni N (10 6)
P’ rmax = Kygll N -

In consequence for the ratio b we obtain:

()"
(%) (5"

i=1

b= (10.7)

This expression can be easily extended to
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the case of more than two sets
say s sets:

of results,

b = - *':‘ = (10.8)

()"

JF=1 i=1 Nj
where:
5 5
Ny =) Ny N =3 N,

I=1 =1

As regards the tests of type P, let us

consider s sets of results of tests per-
formed at k voltage levels. For a given
voltage level U,, the results of the set j
consist of N failures, out of N, voltage
applications, and of Nm=N“-—Nfji withstands
(see sections 3.1 and 6.1). Taking into ac-
count expression (8.7) and proceeding in the
same way as indicated above for the type F
tests, we obtain :

= — 'k = - (10.9)
)
Fer tar \ Ny Nys
where:
5 5 5
Nep= Y Ny, N, = E:Aﬁgi Ny = E:AGJ
Fel F=i =1

Wilks has demonstrated that the ratio
"b" has the same probability distribution as
"g" and "a" i.e.: -2ln(b)=x2(v). Since no
parameters are determined, the number of
degrees of freedom in this case is:

vV=m-1 for type F tests
(10.10)

k for type P tests

<
1

where m is the number of intervals and k is
the number of test voltage levels.
It is necessary to emphasize here that the
intervals chosen on the X-axis for type F
tests, or the test-voltage levels for type P
tests, must be the same for both sets of
results R, and R,.

Once the value of b is calculated from
the results it can be compared with the lim-
iting value b, as indicated in Appendix &
for g. If bsb, the hypothesis H, is to be
rejected and vice versa.

It should be noted that in this statis-
tical test no hypotheses were made about the
type of distribution of the failure proba-
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bility. When such hypotheses are made it is
possible to use the parameters of the as-
sumed distribution as test statistic. If the
confidence regions corresponding to the two
sets of results have a sufficiently large
common area as shown in Fig.14 a}, the hy-
pothesis H, can not be rejected. In Fig.14
b) is presented a case in which the twc con-
fidence regions do not have a common area
and H, must be rejected in spite of the fact
that the confidence intervals of the parame-
ters overlap. This example shows that it is
possible to draw wrong conclusions when only
the confidence intervals of the parameters
are compared individually, without consider-
ing the confidence region.

Bl
a}
A
b)
Buz
Bui
Ay Ay A

Fig.14 - Confidence regions of two sets of

results:

a) The hypothesis H, that the two sets of
results come from the same population can
not be rejected

b) The hypothesis H, is to be rejected in
spite of the fact that the ranges of
variation of the parameters overlap

As menticned above the hypothesis H, can
be accepted if there is a sufficiently large
area common to the two confidence regions.
This criterion is rather vague and in many
cases it is difficult to decide if the com-
mon area is sufficiently large or not. In
order to avoid this difficulty, another pro-
cedure can be adopted. It consists in the
determination of the values of the parame-
ters, taking all the results together, maxi-



mizing the likelihood of #: L(R,+R,;A,B). The
gecodness of fit of the resulting failure
probability curve ®(X;A,,B,) is then checked
for each individual set of results R, and R,.
If we found g<g;,, for at least one of the
two sets of results, the hypothesis H is to
be rejected.

At this point it is interesting to note
the uniform approach to the solution of the
main problems considered in this paper. This
approach is based on the testing of statis-
tical hypotheses. In fact, it was shown that
hypotheses about the type of failure proba-
bility function, the values of its parame-
ters and, in the case of comparison, the
significance of the difference between two
or more sets of results, are accepted or
rejected according to the value of the ra-
tiocs, calculated from the experimental re-
sults:

in the tests for goodness of fit

- in the determination of the confidence
region of the parameters

in the comparison tests

st
1

o
1

All these ratios are random variables and
their logarithm tends to the chi-square dis-
tribution with number of degrees of freedom
specific for each case. Limiting values for
g, a and b are then obtained from the corre-
sponding distributions. If the ratios, found
from the tests, fall below the limiting
values the correspondent hypotheses are re-
jected.

Since the probability distributions of
g, a and b have been demonstrated for large
number of results (N - =), the validity of
their application in the case of small num-
ber of results (say 5=<N<20) is to be checked
by further studies.

1l1. Computer programs

The calculations necessary for the sta-
tistical analysis described in sections 5 to
10 require the utilization of digital com-
puters. An example of a computer program
suitable for such calculations is briefly
illustrated in this section.

The most important features of the pro-
gram can be seen from the simplified flow-
chart shown in Fig.15

» The main menu gives four choices:

+ Data file creation or modification of
existing data files.

+ Folder management (operations on the
archives i.e. copy files from one folder
to another, delete files etec.).

= Calculations.

+ End of job,

» To start the calculations the user must
give the following information:

The type of analysis i.e. 1f data

single dielectric test are to be

of a
ana-

lyzed or data of two or more dielectric
tests are to be compared in order to
check the hypothesis that all the sets
of results come from the same probabili-
ty distribution (comparison test).,

+ The file containing the data to analyze.
In the case of comparison tests at least
two files must be indicated.

- The type of test (multiple level, ramp,
stair, constant voltage etc.)}. With this
indication the expression of the likeli-
hoed function is automatically selected:
expr. (6.6) for tests of type P, expr.
(6.9) or (6.11) for type F tests. If the
last are censored, expr. {(6.13) or
(6.14) is used.

+ The interpolating function ¢
Gumbel, Weibull etc.).

= The confidence level ¢ to be used for
the construction of the confidence re-
gion and that for the confidence inter-
vals of the parameters.

+ The cheice of the diagrams to be plot-
ted. There are options for the plotting
of several diagrams on the same drawing
in order to facilitate comparisons.

(Gauss,

» The hart of the program are the two main
routines indicated in the flow-chart with
"determination of parameters" and "confi-
dence region, intervals and band".

The first routine finds the most 1likely
values of the parameters by maximization
of the likelihood function L.

The test for goodness of fit is then per-
formed i.e. a statistical test of the hy-
pothesis H, that the probability function
P(U) or F(X) is equal to the selected in-
terpolating function #(X) (see Section 8}.
If H, is rejected another expression of
&(X) must be selected and the calculations
are repeated. If H, is accepted the calcu-
lations continue with the second routine
which determines the boundary of the con-
fidence region, the confidence band of
¢{X) and the confidence intervals of the
parameters (see Section 9).

» There are two possibilities for the conm-
parison test: to use the ratic b suggested
by Wilks or to check if the curve &(X),
relative to all the sets of results taken
together, fits well each single set of
results (see Section 10).

The program described above has been
used for the analysis of the results of ex-
amples of the various types of tests discus-
sed in the next section.

12. Examples and comnments

In Appendix 7 are given examples of sta-
tistical analysis applied to the variocus
types of dielectric tests listed in Table 1.
Comments are made here on each type of test
and the corresponding example. Some of the
comments are specific for the type of test
considered while others are general, appli-
cable to all types of dielectric tests.
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Fig.15 - Simplified flow-chart of the computer program used for
the statistical analysis of the results of the various types of
dielectric tests given in Appendix 7

Multiple level test - Example Nr 1

The multiple level test is a typical
test of type P. In fact, it can be seen from
the table of experimental results that in-
creasing the voltage level not always leads
te higher number of failures. For instance
at 835 kV there are no failures while at
815 kV there are 2 failures. At 950 kV there
are 18 failures while at 930 kV there are
19, These irregularities reflect the uncer-
tainty of the estimation of the failure
probability from a limited number of test-
voltage applications. Such decrease of the
observed frequency of failure is impossible
in the case of type F tests where the cumu-
lative frequency of the results can only in-
crease with the voltage.

In this example two different expres-
sions for the interpolating function #(U)
have been considered:

a) Modified Weibull with K =4 i.e. a=4.83 and
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therefore:

- Uso Ji.83

$,=1-0.57 y=(1+ iz

b) Modified Weibull with K=2 i.e. a=2.00 and

therefore:
2
u-ru,
= - ¥ = ____52
Qb 1 0.5 y ﬁ + YA )

The test for goodness of fit shows that,
in the case a) we have P(g)=0.238>0.1 and in
the case b) P(g)=0.0736<0.1. Therefore, if
we choose P, =0.1, the hypothesis ¢that
P(U)=¢, can be accepted while that of P(U)=¢,
is teo be rejected. In fact, from the dia-
grams of P(U) in Fig.1(El1) and Fig.2(El) it



can be seen that the number of experimental
points located out of the confidence band R
are 2 in the case a) and 5 in the case b).

In Fig.1(El) are shown the two loci R
and T as well as the corresponding confi-
dence bkands of P(U) for the case a). It is
expedient to repeat here the meaning of
these two confidence bands.

For the confidence band R is valid the
statment that there is 90% probability for
the "true curve P(U)}" to be contained in it.

The confidence band T is a means for the
determination of the 950% confidence inter-
vals of U(P). For example it can be seen
from the figure that:

U(10%) = 835 kV
U(10%),,, = 818 kV
U(10%),, = 848 kV

Up and down tests - Examples Nr 2, 3 and 4

The most freguently used up and down
test is that for the determination of the
voltage to which corresponds 50% probability
of failure (U;,) by the withstand procedure
(see Appendix 1). According to this proce-
dure the voltage level is increased by aU if
no failure occurs after the application of 1
test-voltage or decreased by AU in case of
failure. Example 2 in Appendix 7 is an il-
lustration of such a test. From Fig.1(E2) it
can be seen that the test is suitable for
the determination of Uy, because the minimum
width of the confidence band of P(U) is
around the probability of 50%.

For the determination of voltage levels
with failure probabilities lower than 50% it
is necessary to apply not 1 but m test-volt-
ages each time and increase the level by aU
if no failure occurs or decrease it by AU if
one or more fallures occur in m test-voltage
applications. The number m of test-voltages
to apply depends on the probability we
choose and can be obtained from expression
(A1.5) given in Appendix 1.

For instance, if we are interested in
the voltage level with 5% probability of
failure (i.e.P=0.05) we find m=13.5 and
since m must be an integer we have to choose
between m=132 to which corresponds P=5.2 %
and m=14 to which corresponds P=4.8%.

Once the value of m is defined it is

necessary to choose between the "complete®
and the "short" procedures. With the "com-
plete" procedure the test-voltage level is

decreased by aU if one or more failures oc-
cur in m applications. With the short proce-
dure the decision to decrease the test-volt-
age level is taken immediately after the
first failure so that the number of applied
test-voltages actually is m=m. In this way
test time is saved but less jinformation is
obtained.

Examples Nr 3 and 4 are an illustration
of the short and the complete procedures
used for the determination of U; (P=5%) on
the same test object of Example 2. The re-
sults of Example 3 are ohtained from the
"complete set" given in the table of experi-
mental results of Example 4 but considering,
for each test level, only the test-voltage
applications until the first failure.

Comparing the total number of impulses
applied in the two cases, it can be seen
from the tables that it is 113 with the
short and 169 with the complete procedure.
In other words about 33% of the test time is
saved with the short procedure. On the other
hand, the data corresponding to the short
procedure is not sufficient for the determi-
nation of the 90% confidence region (which
in this case expands to infinity). However,
it is possible to take advantage from previ-
ous experience. For example it is known that
for impulse breakdown in air the wvalues for
Z are usually of the order of 5-6% of U,.
S0, we can not consider as possible all the
values for Z from 0 to =. We can select a
more '"reasonable" range from 0 to the very
large limit of say 20% of Uy. The confidence
region obtained in this way is shown in
Fig.1(E3).

In general, considerations about the
*possible" values of all the parameters can
be used to establish reasonable ranges and
reduce in this way the area o©of the confi-
dence region.

If there is no previous experience we
have to accept the more limited information,
that can be obtained from the short proce-
dure data, represented for instance by the
50% confidence region. This region is also
shown in Fig.1(E3).

The effect of the additional information
obtained from the complete procedure is
shown in Fig.1(E4) where the diagrams of the
twe procedures are compared., It can be seen
that the 90% confidence region of the com-
plete procedure, obtained without limita-
tions on the values of the parameters, is
smaller than that of the short procedure., In
consequence also the corresponding confi-
dence band of P({U) is more narrow.

These examples show very well how the
uncertainty of the information obtained from
the experiments varies with the number of
the applied test-voltages and with the pre-
vious experience. This is not possible with
the classical metheds of fitting a function
to test data, for instance with the least
square method (at least as it is normally
used) .

Comparing the absolute values of the
parameters, estimated from the data of the
three experiments on the same test object,
it can be observed that the values of U, of
examples 3 and 4 are significantly lower
than that of example 2. This is probably due
to the fact that the experiments have been
performed in different days at different
atmospheric conditions. The last have a sig-
nificant effect on the impulse breakdown in
air. As regards the values of 2, the differ-
ences observed between the three cases are
not significant and the hypothesis that 2
has the same value in all the three experi-
ments can not be rejected.

Ramp test - Example Nr 5
The ramp test is the classic example of

type F test. Since the failure probability
is a continuous function of the voltage, the
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two expressions of the likelihood function
(6.9) and (6.11) are both applicable. In
Example Nr 5 the analyses made with these
two functions are compared. It can be seen
that the confidence region corresponding to
expression (6.9) is smaller and therefore
the confidence band of P(U) is narrower.
Expression (6.9) therefore seems to be pref-
erable. However, the differences are unim-
portant for the 20 results examined and oth-
er calculations, not reported here, have
shown that for greater number of results
they are negligible. Preference then may be
given to expression (6.11) because it is
valid both for continuous and discrete prob-
ability functions and therefore remains the
same for all the tests of type F including
the stair tests.

The example of F test given in Section
3.2 for the illustration of the graphiecal
method is the same as the Example 5 of Ap-
pendix 7. The diagram of F(U} in Fig.4 is
then comparable to that of Fig.1(E5). In
Fig.16 the two diagrams are compared on the
same scale. It can be seen that the confi-
dence band determined with the graphical
method (using the table of the Kolmogorov
statistic) is significantly larger than that
obtained with the statistical method (calcu-
lations described in Section 9.2). This is
due probably to the fact that no hypotheses
are made about the type of failure probabil-
ity distribution when the Kolmogorov statis-
tic is used, while this distribution is as-
sumed to be known in the determination of
the confidence band with the statistical
method. The uncertainties related to the
unknown type of distribution in the case of
application of the graphical method are re-
flected in the larger confidence band.

Constant voltage test

The constant voltage test is type F test
and the statistical analysis of the results
is exactly the same as that of the ramp
test. For this reason no examples of this
test are given here.

Stair test - Example Nr 6

The stair test is also type F test and,
if the probability of failure is expressed
as function of time, the statistical analy-
sis 1s again exactly the same as that of the
ramp test. However, the usual way of pre-
senting the results is to give the voltage
levels at which failures have been cbserved.
As already explained in Section 2.3 F), the
failure probability is discrete function of
the voltage and, therefore, only expression
{6.11) for the likelihood function is appli-
cable.

In Fig.2(E6) the discrete functions F(U;)
and their confidence bands are represented
conventionally with continuous lines because
otherwise the graphical representation is
not sufficiently clear.

It is very important to keep in mind
that the curve F(U,)) is wvalid only for the
particular stair voltage with which the re-
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Fig.1l6 - Comparison of confidence bands ob-

tained with:

a) the graphical method {Sect. 3.2)

b) the maximum likelihood method assuming
that F(U) follows a Weibull distribution
with K =4

sults have been obtained. The conventional
continuous line can not be used for the es-—
timation of the failure probabilities of
"intermediate voltage levels" because such
levels can be obtained only changing the
characteristics of the stair for example the
starting voltage level U,, the voltage step
AU, or both U, and AU. This means that the
test-voltage is changed and, in general, to
different test-voltages correspond different
probabilities of failure even if the voltage
level considered is the same.

In Example 6 a set of 100 results is
compared with the subset of its first 20
results with the purpose to show the effect
of the number of results on the uncertainty
of the estimations. From Fig.1(E6) and
Fig.2(E6) it can be seen how much the in-
creased number of results reduces the confi-
dence region of the parameters and therefore
the confidence band of F(U)).

Impulse tests performed with the step methed
Example Nr 7

As indicated in Section 2.3 G), the re-
sults of impulse tests performed with the
step method can be analyzed in two ways:

A) The test voltage is considered as consis-
ting of one single impulse. The charac-



teristic P(U), i.e. the probability of
failure, when one impulse is applied to
the test object, is estimated as function
of the peak voltage.

B) The test voltage is considered as a se-
ries of impulses with increasing peak
values (complex stair). The characteris-—
tic F(U;), i.e. the probability of fail-
ure within the level U, is estimated.

An jillustration of these two ways of
analysis is given in Example Nr 7. The dif-
ference between the two characteristics and
between the confidence regions of their pa-
rameters can be seen from Fig.1(E7}) and
Fig.2(E7).

Comparison test - Example Nr @

In Section 10 it was shown how the test-
ing of statistical hypotheses can be used to
answer the guestion: are the differences
between two, or more, sets of results sig-
nificant or not. Two statistical tests were
described there - one based on the ratio b
and the other on the ratio g (test for good-
ness of fit). The application of these two
tests is illustrated in detail in Example 8
{Appendix 7). Both tests arrive to the same
conclusion that the difference between the
two sets of results is significant.

Comparing the two statistical tests it
should be noted that the test based on the
ratio b requires less calculations and no
hypotheses about the failure probability
distribution. So, it is to be preferred.

The experimental results in Example 8

have been obtained from ramp tests, which
are type F tests, and, in the particular
case considered, are not censcred. It |is

possible therefore to calculate the mean
value of the failure voltages and their
standard mean deviations. Then the classical
comparison of two means can be made as indi-
cated in IS0 Standard Nr 2854-1976. The out-
come of this comparison is that the hypothe-
sis of equality of the two means is to be
rejected which is a further confirmation of
the conclusion of the two statistical tests
illustrated in Example 8.

In Fig.1(E8) are shown the 90% and the
70% confidence regions of the parameters
relative to the two sets of results R, and
R,. It can be seen that the 90% confidence
regions have a common area and it is diffi-
cult to decide if it is "sufficiently large"
to accept the hypothesis of equality of R,
and R,. On the contrary, the 70% confidence
regions are completely disjoint and there
are no doubts about the rejection of the
hypothesis of equality (at the 70% confi-
dence level).

13. conclusions

Some of the conclusions that can be
drawn from this paper are:

1} The response of the insulation to the

application of a test-voltage is deter-
mined by the characteristics P(U) or F(X)
defined in Section 2.
Usually the purpose of a dielectric test
is to estimate one of these characteris-
tics and, therefore, from this point of
view, the tests are classified in two
types: type P and type F.

2) The concept of "test-voltage" was intro-
duced in the paper (see the definition in
Section 2.1) because both characteristics
refer to a given test-voltage and, in
general, they change if the test-veoltage
is changed.

3) The estimation of the insulation charac-
teristics consists in the determinatiocon
of a curve which gives "the best fitting"
to the experimental results and of its
confidence band which reflects the uncer-
tainty due to the finite number of re-
sults.

4) The most simple method of estimation is
the graphical, which practically does not
require calculations, but it has the dis~-
advantage of the subjective selection of
the "best fitting curve".

5} The statistical method based on the prin-
ciple of the maximum likelihood is sug-
gested for general use because of its
particular features:

- The method is general i.e. applicable
to all kinds of dielectric tests (in-
cluding the censored) and to any type
of interpolating function.

+ A clear statement of all the hypotheses
is required.

+ The wuncertainties of the information
obtained from the tests is put well in
evidence.

- The "best fitting curve" is defined on
the basis of the objective criterion of
the maximum likelihood.

+ The hypothesis made about the type of
interpolating function permits the de-
termination of confidence bands which
are narrower than those obtained with
the graphical method (where no hypothe-
ses are made about the type of interpo-
lating function).

6) The disadvantage of the method is that it
requires quite complex calculations. How-
ever, with the wide diffusion of the dig-
ital computers this drawback is to be
considered of minor importance.
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APPENDIX 1

"UP AND DOWN"™ TESTS

These tests are used mainly with im-
pulse voltages for tests on self restoring
insulation. A description of these tests is
given in [5] as follows:

"In an up-and-down test n groups of m
substantially egual voltage stresses are
applied at voltage levels U;. The voltage
level for each succeeding group of stresses
is increased or decreased by a small amount
AU according to the result of the previous
group of stresses.

Two testing procedures are commonly
used. The withstand procedure aimed at find-
ing voltage levels correspending to low dis-
ruptive discharge probabilities and the dis-
charge procedure, which finds voltage levels
corresponding to high disruptive discharge
probabilities. In the withstand procedure,
the voltage level is increased by an amount
AU if no disruptive discharge occurs in a
group of m voltage applications, otherwise
the voltage level is decreased by the same
amount. In the discharge procedure the volt-
age level is increased by AU if one or more
withstands occur, otherwise it is decreased
by the same amount. Where m=1, the two pro-
cedures become identical and correspond to
the well known up-and-down 50% disruptive
discharge voltage test.

Tests with other values of m are also
used to determine voltages corresponding to
other disruptive discharge probabilities.
The results are the numbers k; of stress
groups applied at the voltage levels U,. The
first level U, taken into account is that at
which at least two groups of stresses were
applied. The total number of useful groups
is n=zk;".

It is necessary to specify that in the
above text with the term "low disruptive
discharge probabilities" are indicated prob-
abilities which are lower than 50% and with
the term "high disruptive discharge proba-
bilities" the ones which are higher than

50%.
The discharge procedure is applicable

for example to tests performed on surge pro-
tective devices. In such cases we are inter—
ested in the determination of the protection
level i.e. in the test voltage level that,
when applied to the device, will certainly
cause discharge. For this reason, if apply-
ing m test voltages of a given level we cb-
serve one or more withstands we have to in-
crease the test veoltage level. On the con-
trary, if only discharges occur it is neces-
sary to decrease the voltage level.

More frequently we are interested in
the withstand possibilities of the insula-
tion or, more precisely, in the determina-
tion of a voltage level to which corresponds
a given "low probability"” of failure. 1In
such cases the withstand procedure is appli-
cable and when one or more discharges occur
in m voltage applications it is necessary to
decrease the voltage level. It is to be not-

ed that the decision to decrease the voltage
level can be taken immediately after the
occurrence of the first discharge without
the application of all the m test voltages,
With this short procedure the number of
voltages applied at each level is m=m and
therefore test time can be saved but less
information is obtained. In consequence, in
many cases, the complete procedure, i.e.
m, =m is to be preferred (see the comments on
examples Nr 3 and 4 in Section 12).

Further in reference [5] it is indica-
ted that:

YAn up and down test provides an estimate of
U, the voltage at which the disruptive dis-
cgarge probability is P. U, . the estimate of

Uy, is given by:

kU

v, =% ;i

(Al.1)

where k; is the number of groups of stresses
applied at the voltage level U,.

For a more accurate formula see the techni-
cal literature.

To avoid appreciable errors, the low-
est voltage level taken into account should
not differ from U; by more than 2aU.

The withstand procedure described
above provides an estimate of U for a dis-
ruptive discharge probability P given by:

1 (A1.2)

2 (A1.3)

The values of P for which U, can be estimat-
ed in up and down tests are limited by the
requirement that m be an integer. Examples
are given in the table below".

" P withstand | P discharge
procedure procedure

1 0.50 0.50

2 0.30 0.70

3 0.20 0.80

4 0.15 0.85

7 0.10 0.90

14 .05 0.95

34 0.02 g.98

70 0.01 0.99

The determination of other parameters
of the curve interpoclating the results of up
and down tests is not recommended in [5].
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N.B. The expression (Al.2) is obtained on
the basis of the following consider-
ations.

If the probability of failure when ocne
test-voltage is applied at a given
voltage level is P, the probabllzty P
of at least one failure in m
test-voltage applications will be:

P,=1~(1-pm (A1.4)

APPENDIX 2

If we choose P =50% we obtain the ex~-
pression (Al.2)} and therefore for m we
have:

ln(0.5) _ _ 0.693
in(l1 - P) In(1

(A.5)

The values of m given in the table
above are obtained from this last ex-~
pression.

TABLE FOR CONFIDENCE LIMITS OF A PROPORTION

TABLE 2t. CoNFIDENCE LIMiTS FOR A PROPORTION
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This table waa calculated by Edwin Crow, Eleamor G. Crow, and Reberi 5. Gardnar,
HOTS, sceording to & modification of a proposal sf M.ﬂ E. Sterne. Theee limita are
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APPENDIX 3

TABLE FOR THE QUANTILES OF THE KOLMOGOROV

TEST BTATISTIC
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10 .32 M9 409 45T 429 0 0% 218 M2 270 190

51 0B (352 391 437 dsk 3l 187 214 208 266 (285

12296 L3I 375 419 49 3 184 211 4 262 8L

13 285 3285 361 404 42 33 -182 208 N 258 .27

14275 34 349 L3%0 408 Lo 208 .27 2% M

15 .266 304 338 L3T7 404 5 an 202 2 251 269

16 158 395 317 166 .92 ¥ M 9% 20 24T 263

17 250  .286 .3t 355 .3EI 3 an 196 2 244 (162

18 .24 279 309 M6 3T LU I [ B | L T S . | [ & |}

19 .37 21 om0 .17 61 9 L1468 A9 21 3 a8

0 .232 268 194 M 352 40 183 3% 0 2133 a2
Approximation o7 122 13 192 1.6l
farn > 40 Ve Va Ve Va Vs

SoURCE.  Adapted (rom Table of Milter (1956).

* The entries in 1his table arc schected iles w, of In¢ Kolmog: test statistics T, T°, and
T~ a3 defined by Equation 6.1.1 for two-sided tcsts snd by Equations 6.1.2 and 6.1.3 [or onc-sided
tests. Reject H, a1 the level @ if T excceds the | -o quantile given in this table. These quantiles
are exact for A x40 ia the two-tailed test. The other quantiles are approximations that zre equal 10
the exact quantiles in most cascs. A better approximation for a > 40 resalts i (n + /10172 is used
instead of VR in the denominator.




APPENDIX 4

MODIFIED EXPRESSIONS FOR THE GUMBEL AND
WEIBULL PROBABILITY DISTRIBUTIONS

The classic formulae for the Gumbel and
Weibull distributions can be modified in
order to express the probability as function
of the median X, ~%sy and the parameter Z. The
reasons for this change of parameters and the
definition of 2 are given in Section 4.

In order to simplify some of the expres-
sions it is convenient to use the withstand
probability Q instead of the failure proba-
bility ¢. Obviously:

g=1-4¢& (A4.1)

The determination of the modified expres-
sions is given below separately for the two
distributions.

Gumbel distribution

From the classic expression of the Gumbel

distribution given in Table 4 it follows
that:
Q= e-ey (A4.2)
and therefore:
_ 1
y = ln[ln(—é)] (Ad4.3)

On the other hand y=e(X-X_ ) and, taking into
account that Q(Xg;)=0.5 and Q(X,)=0.8413, the
following two equations are obtained from
(24.3):

1
Vso = @ (X = Xpo) = Inlln(5=2)] = -0.3665

a{X - X, - X} =

z

Vs

ln[ln(—“]:_)] = -1.7556

0.8413

]

From these egquations it is possible to deter-
mine y and the old parameters « and X 6 as
functions of the new parameters X, and Z:

_ 1.39
¢ =7z
Xpo = Xgo + 0.2638 Z
X - X))
¥ =0.3667+1.39—(-—z-l

The substitution of this last expression of
Y in (A4.2) yields:

exp(l1.39

2=20.5

X - X,
—) (A4.4)

We can consider: y*=1.39(X-X,) /2 as a new
standardized wvariable and therefore the
final expression of ¢ becomes:

DP({y") =1 - 0.5%°l¥") (Ad4.5)

N.B. For simplicity, in Table 4, the stan-
dardized variable is indicated with y

instead of y*.

Weibull distribution
From the classic expression for the

Weibull distribution, given in Table 4, it
can be seen that:

0= e (Ad.6)

(A4.7)

=
"

As indicated in Section 4, the thresh-
cld parameter can be presented in the form:

X, = Xy - K2 (Ad.8)

The scale parameter X, can also be presented
in function of 2:

(A4.9)

where K, is a constant depending on K; and a.
In fact if we put X=X;; in (A4.7) we obtain
¥=(K,2/K)*. On the other hand from (A4.6) it
follows that y=1ln{1/Q}) and taking into ac~-
count that Q(X,)=0.5, we find:

K:——K?_......._...

s (A4.10)
[-In(0.5)]

)
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The substitution of this wvalue of K, in

(A4.9) and of the resulting expression for X,
in (A4.7) yields:

- X
= -1n(0.5) (1 + =280y«
( ) (1 + Kz )
and in conseguence:
X - Xgy
1+ ——20)¢
0=ev=0.5 KoZ (Ad.11)

Since to X,=X;,~Z corresponds Q(X,)=0.8413,
from (A4. 11) is obtainead:

(A4.12)

38

Taking the quantity:

X-X
‘:(1+__ﬂ‘ .

y Kz ) (Ad.13)
as new standardized variable, the final
expression for ¢ takes the form:

d =1 -0.5" (Ad4.14)

For simplicity, also in this case the
standardized variable is indicated in
Table 4 with y instead of y*,



APPENDIX 5

CONSTRUCTION OF PROBABILITY PAFPERS

From Table 4 it can be seen that for the
Normal and the Gumbel distributions the
standardized variable y is a linear function
of X. In such case the probability paper is
constructed as fellows.

On one axis, usually the horizontal, is
plotted the variable X on a linear scale. On
the other axis, usually the vertical, is
plotted the standardized variate y alsc on a
linear scale. In addition the probability
®(y) is plotted on a scale parallel to that
of ¥y in manner to have for each value of y
the corresponding value of &(y). In this way
straight lines are obtained for &(y) plotted
against X.

For example let us consider the Gumbel
distribution. In Table 4 is given the expres-
sion of ¢ as function of y. For the construc-
tion of the scales it is more practical to
express y as function of ¢ i.e.:

y = 1In{ln{—2 )]

T (A5.1)

Then for any given value of the probability
% we can calculate the value of y, plet it on
the scale and write the corresponding value
of ¢.

For the Normal distribution it is not
possible to express explicitly y as function
of ¢. However, in tabulated form, this func-
tion is available in the literature. Here, in
Table 1 (A5), are given the values of vy

TABLE 1 (AS5)

y or 1n(y)
? NORMAL GUMBEL AND

(GAUSS) WEIBULL
0.999 3.09 1.93
0.99 2.33 1.53
0.95 1.64 1.10
0.90 1.28 0.83
0.80 C.84 0.48
0.70 0.52 0.19
0.632 0.337 0.00
0.50 0.25 -0.09
0.50 0.00 -0.37
0.40 -0.25 -0.67
0.30 -0.52 -1.03
0.20 -0.84 -1.50
0.10 -1.28 -2.25
0.05 ~1.64 ~2.97
0.01 -2.33 ~4.60
0.001 -3.09 -6.91

corresponding to selected values of the
probability ¢. For the Normal distribution
the values of y are taken from Table Al of
ref.[5]. For the Gumbel distribution they are
calculated wusing expression (AS5.1). The
resulting scales are shown in Fig.1(as).

NORMAL GUMBEL & WEIBULL
¥
v o N 0.99 + 3
1__ 0.95-_
0.99 ¢+ 0.90
21 0.80+
0.70 +
0.95 + U 0.60%
0.50 +
0.90 + 0.40 ¢
1+ -1+ 0.30 +
0.80 ¢
0.20 +
0.70 +
-zl
0.50 0.10 +
0 0.50 +
0.40 + 23l 0.054
0.30 +
0.20 ¢
14 -4t
0.10 ¢
005 0.01+
. T _5-—
-zl
0.01+
54
Fig.l1 (A5) - Scales for the ordinates to be

used in order to represent the Normal, the
Gumbel and the Weibull distributions by
straight lines. For Normal and Gumbel distri-
butions the X-scale is linear. For the
Weibull distribution it is logarithmic.

Often the scale of the standardized variable
y is omitted and only the % scale is indicat-
ed on the probability paper.

From the classic expression of the
Welbull distribution it is easy to obtain the
relation:

y=1ln{——x) (AS.2)

1
1-¢

But, it can be seen from Table 4 that the
standardized variable y is not a linear
function of X. Taking the logarithm of y we
obtain:

In{y) = aln(X - X,) -~ aln(X,} (A5.3)
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From this expression it follows that in the
special case of X,=0 there is a linear rela-
tionship between lny and 1nX. So for the new
variables ¢=1nX and gs=lny we can apply the
same procedure as described above for the
Normal and Gumbel distributions. Taking into
account (A5.2) we find:

n = 1n{y) = In{in(—21 )]

TR (AS.4)

This means that the ¢ scale to be used in
this special case of the Weibull distribution
is the same as that used for the Gumbel
distribution. The difference between the two
probability papers is in the X scale which is
logarithmic for the Weibull and linear for
the Gumbel paper.

Obviously, no straight line can be obtained
when a Weibull distribution with X0 is
pPlotted on.a Weibull probability paper.

APPENDIX &
DETERMINATION OF THE PROBABILITY DISTRIBUTION
OF THE RATIO "g"

As indicated in Section 8, the random
variable g is defined by the ratio:

9= 5= (A6.1)

Imax

where:

P is the probability of obtaining the

results, calculated with expression
{8.1) for type F tests or (8.6) for type
P tests, on the assumption that the
failure probability is defined by the
function &(X} that we have chosen (hy-
pothesis H ).

is the maximum possible value of the
probability of obtaining the results,
calculated with expression (8.2), on the
assumption that the failure probability
associated with each interval of the
variable X (for type F tests), or with
each level of U (for type P tests), is
equal exactly to the observed frequency
of failure.

finax

Wilks [8] has demonstrated that ~21ln(y}
tends asymptotically to the chi-square dis-
tribution i.e.:

-21n(g) = x2(v) (A6.2)

where » is the number of degrees of freedom
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determined as follows:

a) Type F tests:

v = (Nr of intervals -1) - Nr of parameters
b) Type P tests:

v = Nr of voltage levels - Nr of parameters

By means of expression (A6.2) the
cumulative probability distribution of g can
be obtained from that of »*. This is shown
qualitatively in Fig.1(A6). In the upper part
of the figure are plotted the diagrams of the
chi-square cumulative distribution for dif-
ferent degrees of freedom ». These cumulative
curves indicate that the probability of xz
being less than a given value x}, is P, i.e.:

Plx?sx?,) = P(x3,.v) = P, (B6.3)

Yy <V, <Vy <y,

X2 x?
90
e
Fig.1 (A6) Diagrams of P(y*,v) and glx?)

In the lower part of Fig.l(A6) is
plotted the curve g = exp[wf/Z] as function
of x*. It can be seen that to x’sx’, corre-
sponds g=g, therefore :

P(gsg,) = P(g,) =1 - P(x*,. v}

The last equation is valid for any value of
g, and represents the probability distribu-
tion of the ratio g. Therefore, the general
expression of this distribution is:

P{g) =1 - P(x%,v) (A6.4)

The analytical expression of P(x?,v) and a



partial representation of its tabulation are
given at the end of this appendix.

From P(g) we can determine a limiting
value g, for the ratic g such that:

Pldin) = Piyn

where P\, is a sufficiently 1low, arbitrary
value of the probability. Usual values for
P, are 0.1, 0.05 and 0.01.

Then the hypoth951s H, that the failure
probability is given by @(X) is tested ac-
cording to the following procedure:

» Selection of the value of Pin @and determi-
nation of the corresponding value of proba-
bility P(x? qrv)!

P(x*ymeV) =1~ Py, =C

» Determination of x?;, corresponding to the
probability C and to the number of degrees
of freedom v, from tables of the x? distribu-
tion [see Table 1(A8)}

» Determination of dy;, from the expression:
2
x A
im = EXP(' ____21.1::\)

» Calculation of the ratioc g from the experi-
mental results by means of (A6.1).

* Rejection of H, if g<g,, or acceptance if
I im-

THE CHI-~SQUARE DISTRIBUTION

The analytical expression of the chi-
square cumulative distribution function is
defined as follows:

P(x2,v) = ff(w)dw

x?
(2o
flw) = ‘i exp(-—)
Ty
220 2)
Ty} = (y - 1) ! = ft(-"‘”exp(-—t)dt

o

The tables of the chi-square distribu-
tion available from the relevant literature
give the values of y? as function of + for a
certain number of values of the probabllity.
A partial reproduction of such table is given
below.

TABLE 1 (A6) x? as function of ¢ and v

v | C=70% | c=80% | C=90% | ¢=95% | Cc=99%
1 1.07 | 1.64 [ 2.71 | 3.84 6€.63
2 2.41 | 3.22 | 4,61 | 5.99 .21
3 3.67 | 4.64 | 6.25 | 7.81 11.3
4 4.88 | 5.99 | 7.78 | 9.49 13.3
5 6.06 { 7.29 | 9.24 { 11.1 15.1
6 | 7.23 | 8.56 | 10.6 | 12.56 16.8
7 8.38 | 9.80 | 12.0 | 14.1 18.5
8 9.52 | 11.0 | 13.4 | 15.5 20.1
9 10.7 | 12.2 | 14.7 | 16.9 21.7
10 | 11.8 | 13.4 | 16.0 | 18.3 23.2
11| 12.9 | 24.6 | 17.3 | 19.7 24.7
12| 14.0 | 15.8 | 8.5 | 21.0 26,2
13| 15.1 | 17.0 | 19.8 | 22.4 27.7
14 } 16.2 | 18.2 | 21.1 | 23.7 29.1
15| 17.3 19.3 | 22.3 | 25.0 30.6
16 | 18.4 | 20.5 | 23.5 | 26.3 32.0
17 | 19.5 | 21.6 | 24.8 | 27.86 33.4
18 | 20.6 | 22.8 | 26.0 | 28.9 34.8
19| 21.7 { 23.9 | 27.2 | 30.1 36.2
20| 22.8 | 25.0 | 28.4 | 31.4 37.6
21| 23.9 | 26.2 | 29.6 | 32.7 38.9
22 | 24.9 | 27.3 | 30.8 | 33.9 40.3
23 | 26.0 28.4 32.0 35.2 41.6
24| 27.1 | 29.6 | 23.2 | 36.4 43.0
251 28.2 | 30.7 | 34.4 | 37.7 44.3
26 | 29.2 | 31.8 | 35.6 | 38.9 45.6
27| 30.3 | 32.9 | 36.7 | 40.1 47.0
28 1 31.4 | 34.0 | 37.9 | 41.3 48.3
29 | 32.5 | 35.1 | 39.1 | 42.6 49.6
30| 33.5 | 36.3 | 40.3 | 43.8 50.9

Approximate expression of x? for v>30:
x2, = [Z, + J{2v-1}y]2/2 cC=70% - 2.=2,,=0.5244
24,=0.8416  Z,=1.2816 Zos=1.6449 Z,,=2.3263
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EXAMPLE Nr 1

MULTIPLE LEVEL TEST

(Type P test)

TEST DATA

Test object: Rod~plane electrode configura-
tion; 2 m air gap.

Test-voltage: Switching impulse of positive
pelarity; 400/4000 gps.

Test procedure:

» Different test voltages -
method.
» Failure criterion:

gap.

maltiple level

total breakdown of the

Test conditions: Dry tests.
Experimental results:

U (KVpap) N, N,
795 0 20
815 2 18
835 0 20
850 4 16
870 7 13
890 11 9
910 12 8
930 19 1
950 18 2
870 20 0

ETATISTICAL ANALYSIS

Interpolating function:
a) Modified Weibull; X = 4
b) Modified Weibull; K, 6 = 2

Likelihood function:

Most likely values of the parameters:
a) Uy, = 889.7 kV 2, = 42.3 kV
b) Ug, = 881.3 kV 3, = 41.0 kv

Expression (6.6)

90% confidence intervals of the parameters:
a) 880.5 kV 5 Ugy < 898.8 kV

34.5 kv Z < 53.2 kv
b) 871.9 kv Ug, < 891.6 kV
14.5 kv Z = 50.5 kV

A A KW

Index of the gogdness of fit:
a) P{g) = 0.238
b) P(g) = 0.0736

Diagrams: See Fig.1l (El1) and Fig.2 (E1)

5

a5
Im R
———————— +
|
40| I
1
1Usom
ISk ! v
- e - Usa(kv)
5] 885 B9CG B3S a00
g L 1 1 | ISP R T T T 1 X, 1
1P %)
90 L
70
50~
30
T R
E R \T 4
10 4 L
P L
4
P p
g VY
,I s 4 u
14 -5
/ 57 15 |5 U {kv)
by et 7
500 850 900 950

Fig.1 (El} - Multiple level tests.

Case a) Acceptable goodness of fit 1i.e.

P(g)>»0.1. Diagrams of:

» the locus R of the $90% confidence region
of the parameters

» the locus T which extreme tangents deter-
mine the 90% confidence intervals of the
parameters (see Sectlon 9.3)

» the function P(U) with its 90% confidence
bands R and T.

z (kV)

384
'\ Usglky}
34 T

871 875 8§79 883 BE7 B9 3493

96! ::::::::: Loaoa PR |

90

50

30 }

1/

i

U (k¥)
BOO 850 9200 950 1000

Fig.2 (E1} - Multiple level test.

Case b) Insufficient goodness of fit i.e.

P(g)<0.1. Diagrams of:

» the boundary of the 90% confidence region
of the parameters {(locus R)

» the function P(U) with its 90% confidence
band (R} .
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EXAMPLE Nr 2

bz
UP AND DOWN TEST FOR_THE DETERMINATION OF Ugy 240 1
(type P test) 200
T 160
TEST DATA i
120
Test object: Rod-rod electrode configura-
tion; 4 m air gap. 50 | *
Test-voltage: Switching impulse of positive 1 Usp{key)

T

r—— 40 ——T—r—
polarity; 1800/7500 ps. 1915 1935 1955

— T
1355 1875 1895

Test procedure:
+ Different test-voltages; up and down meth-
od.

» Withstand procedure with m =1,
» Failure criterion: total breakdown of the
gap.

Test conditions: Dry tests.
Experimental results:

U (KV,.) N, N,
177¢ 0 2
1830 2 7
1890 7 8 v
1980 9 5 2.0 2.1
201¢ 5 0 Fig.l (E2) - Up and down tests. Diagrams of:

» the boundary R of the 90% confidence region
of the parameters

» the function P(U) with its 90% confidence
band.

STATISTICAL ANALYSIS
Interpolating function: Modif. Weibull; K,=4
Likelihood functjon: Expression (6.6)

ost likely values of the parameters:

Uspy = 1904 KV  Z, = 86 kV

50% _confidence jntervals of the parameters:
18:§ 23 :U%" :1293;' :;': Test-voltage: Switching impulse of positive
pelarity; 1800/7500 us.

Test procedure:

» Different test voltages - up and down meth-
od.

* Withstand procedure with m =< 13.

» Failure criterion: total breakdown of the
gap.

ndex of t oodness of fit: P(g) = 0.663

Diagrams: See Fig.l (E2)

conditions: Dry tests.
EXAMPLE Nr 3 .
erimenta es 53

up D WN_TES SHO PROCEDURE

U (kv N N
FOR THE DETERMINATION OF U, UV oee) 4 .
1640 a 13
(type P test) 1670 2 29
1700 2 26
TEST DATA
1730 2 3is
Test object: Rod-rod electrode configura- 1760 2 2
tion; 4 m air gap.
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STATISTICAL ANALYEIS

Interpolating function: Modif. Weibull; K =4

Likelihood function: Expression (6.6)

ost likely values of the parameters:

Ugy = 1856 kV 2, = 103 kV

900% confidence intervals of the parameters:
a} Without limitations about the "possible"
values of the parameters: can not be
determined.
b) With the limitation Z =< 400 KkV:
1771 kV = Ug, =< 2411 kV
45 kV = 2 =< 398 kV

50% confidence limits of the parameters:
Without 1limitations about the "possible®
values of the parameters:
1796 kV < Um < 2130 kV

62 kV =2 =< 287 kV

Index of the goodness of fit: P(g) = 0.192

Diagrams: See Fig.l (E3)

Lz

440 4

340 sen
240
140
i
0 .

T

T T
1760 1860 1960 2060 2160 2260 2360 2460

20 . .
P =)

70 1 9%/ /son
50 x

30

10

(
1.8

x
1.7

Usg(kv)

LA S S L |

5%
q0%
U (uv)

1.9 2.0

Fig.l (E3) - Up and down tests with m < 13.

Diagrams of:

» the boundary of the 90% confidence region
of the parameters with the condition:
Z < 400 kV

» the boundary of the 50% conrfidence region
without conditions

» the function P(U) with its 50% and 50%
confidence bands.

EXAMPLE Nr 4

UP AND DOWN TEET (COMELETE PROCEDURE)
FOR THE DETERMINATION OF U,

(type P test)

TEST DATA

Test object: Rod-rod electrode configura-
tion; 4 m air gap.

Test-voltage: Switching impulse of positive
polarity; 1800/7500 us.

Test procedure:
» Different test voltages - up and down meth-

od.
» Withstand procedure with m = 13.
» Failure criterion: total breakdown of the

gap-
Test _conditions: Dry tests.

Experimental results:

U (V) Ny N,
1640 ] 13
1670 2 37
1700 3 36
1730 4 48
1760 6 20

STATISTICAL ANALVYEIS

Interpolating function: Modif. Weibull; K =4

Likelihood function: Expression (6.6}
Most likely values of the parameters:

Ugqy = 1844 XV 2, = 95 kV

90% confidence intervals of the parameters:
1785 KV = U50 = 2356 kV

B2 kV = 2 = 471 kV

Index of the goodness of fit: P{g) = 0.585

Diagramg: See Fig.1l (E4)
N.B. The results of the test in Example Nr 3

are obtained from those of this example
considering, for each voltage level,
only the applications until the first
discharge {including it).

47



Lz ow
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1 s M =13
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30+
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1.6 1.7 1.8 1.9 2.0

Fig.1 (E4) - Comparison of up and down tasts

performed with the complete and with the

short procedures. Diagrams of:

» the boundaries of the 90%
regions of the parameters

» the functions P(U) with their 90% confi-
dence band.

confidence

EXAMPLE Nr &

P TEST type F test
TEST DATA

Test object: Point-to-sphere S50mm gap in
mineral oil
Iest-voltage: AC (50Hz) ramp voltage with
rate of rise r = 1 kv/s
Test procedure:
* Voltage increased until failure. circuit

opened immediately after failure. One

minute interval between failure and succes-
sive test voltage application.

» Failure criterion: appearance of a PD pulse
with apparent charge exceeding 100 pC

Test conditions: Test cell at atmospheric

pressure and ambient temperature

48

xperimenta es s:

20 values of the PD inception voltage U (kv)
given in chronclogical order
(moving horizontally)

23.9 22.8 23.4 25.0 22.8
21.7 22.2 23.3 22.8 22.8
24.3 20.5 23.8 23.5 21,5
25.2 22.4 24.6 23.4 22.3

N.B. The arrangement of the input data for
the calculations is shown below.
The results reported in Table 3 are
taken from this example.

INPUT DATA ARRANGEMENT FOR THE CALCULATIONS

iy (kv) | N | =N {0 (xv) F (U;) (%)
1 20.5 1 1 21.1 5.0
2 21.7 1 2 22.0 10.0
3 22.2 1 3 22.3 15.0
4 22.3 1 4 22.4 20.0
5 22.4 1 5 22.6 25.0
6 22.8 4 9 23.0 45.0
7 23.3 1 10 23.4 50.0
8 23.4 2 12 23.5 60.0
9 23.5 2 14 23.6 70.0
10 23.8 1 15 23.9 75.0
11 23.9 1 16 24.1 80.0
12 24.3 1 17 24.5 85.0
13 24.6 1 is 24.8 90.0
14 25,0 1 19 25.1 95,0
15 25.2 i 20 © 100.0

i = number of the voltage level

U, - wvalue of the failure voltage

N, - frequency of failures at the voltage

level U,
i
INg = T N, - cunulative frequency of
k=1 failures up to u;
U, = (U,, + U,)/2 - upper limit of the
interval win
F (U;) - estimated value of F(U)

N.B. In the calculations with the likelihood
function given by expression (6.9) that
is:

L = H P (Xi) ¥y
=1

X;=U,. In the

the wvalues of x, are:
the likelihood

calculations with



function given by expression (6.11} that
is:
L = HAQ jl = H [tD (xi) - (D(Xj-l)] 1

i1 [«1

i

the values of x; are: x; = U,.

ETATISTICAL ANALYSIS

Interpeolating fungtion:
Likelihood function:

a) Expression (6.9)
b) Expression (6.11)

Modif. Weibull; K =4

Most likely values of the parameters:

a) Ug, = 23.26 kV  Z, = 1.18 kV

b) Ug, = 23.28 kV 2, = 1.22 kV

90% confidence intervals of the parameters:

a) 22.74 kV < Ugy s 23.75 kv
0.92 kV = Z < 1l.64 kV

b) 22.73 kV = Uy, = 23.80 kV
0.91 kV = Z = 1.77 kv

Index of the goodness of fit:

a) Not calculated

b} P(g) = 0.952

Diagrams: See Fig.l (E5)

z (kV}

/LA

1,20 4

1.00 1
Usolky)

0.80 4+ T T — T
22.60 22.830 23.00 23.20 23.40 I3.60 23.B0 24.00 24.20

1 i i 1 e ¥ -

1Fx
el F®
7]

40

20 1

19 20 21 22 23 24 25 26

Fig.l (E5) - Ramp tests. Comparison of calcu-

lations made with the likelihood functions

(6.9) indicated with L, and (6.12) indicated

with L,. Diagrams of:

» the boundaries of the
regions of the parameters

» the functions F(U) with their 90% confi-
dence bands.

90% confidence

EXAMPLE Rr 6

BTATIR TEST (type F test)

TEST DATA

Test object: Cylinder-to-plane gap in trans-
former oil. Crome plated cylinder (diameter
25 mm). Gap size: S0 mm.

Test-voltage: AC stair voltage with
U, = 150 kV aU = 10 kv; t, = 1 min.

Test procedure:
» Voltage increased until failure. Circuit

opened immediately after failure. 10
minutes interval between failure and suc-
cessive test voltage application.

» Failure criterion: complete breakdown of
the gap

Test conditiops: Test tank at atmospheric
pressure and ambient temperature. Cylinder in
vertical position. Change of oil after each
20 breakdowns.

Experimental results:

100 values of the breakdown voltage U (kV)
given in chronological order
(moving horizontally)

340 3go 310 260 290
300 320 350 350 370
310 le0 350 280 290
310 290 290 270 360
210 340 370 270 320
350 270 270 340 330
300 290 300 340 280
350 350 340 340 360
330 250 300 300 320
250 300 290 350 360
280 380 240 300 340
250 330 350 380 360
300 420 380 380 330
270 270 330 320 350
350 260 310 340 280
290 310 310 360 340
320 270 340 380 340
390 260 310 360 330
270 290 320 250 310
240 260 330 280 380
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INPUT DATA ARRANGEMENT FOR THE CALCULATIONS

iu vy |w | o=
1 210 1 1
2 240 2 3
3 250 4 7
4 260 41 11
5 270 8| 19
6 280 5 24
7 290 8] a2
8 300 g | a0
9 310 8| 48
10 320 6| 54
11 330 7] e1
12 340 | 72
13 350 10 | s2
14 360 7| 8%
15 370 2| 81
16 3so 74 98
17 390 1| 99
18 420 1 {100

N.B. In contrast with what indicated for the
ramp tests, in this case the variable
is: X=X =U,

ETATISTICAL ANALYBIS

A. ANALYSIS OF THE FIRST 20 RESULTS

nterpolating function: Modif. Weibull; K =3
ihoed fu ion: Expression (6.11})
i ues o e eters:
Ugy = 313.7 KV Z, = 36.0 kV
nfide i V. of the a ers:
297.0 kV 5 Uy < 329.8 kV
27.4 kV =2 =< 51.1 kV
Index of the gocdness of fit: P(g)} = 0.398

Diagrams: See Fig.1(E6) and Fig.2(E6)

B. ANALYSIS OF ALL 100 RESULTS

erpola unction: Mod. Weibull; K=3.5

e oo unct : Expression (6.11)

ike values of t a et

Usw = 312.6 kV  Z, = 43.0 kv

50

20% confidence intervals of the parameters:
304.5 kV < Uy = 320.5 kV
38.0 kV = 2 < 49,4 kV

Index of the goodness of fit: P(g) = 0.573

Diagrams: See Fig.1(E6) and Fig.2(E6).

z (kv)

Usg(ky)

26 T T T T T T T Lt

T T
295 305 315 325 335

Fig.l (E6) - Stair tests. Diagrams of the
boundaries of the 90% confidence regions of
the parameters for the cases of N=20 and
N=100 results.

904

v |

0.2 v
30 370 400

200 230 250 270 300

a1 P P 1 aaa sl

30 4

U |

0.2

200 230 250 270 300 30 370 400

Fig.2 (E6}) - Stair tests. Conventional rep:e;
sentation with continuous lines of the func-
tions F(U;) and their 3%0% confidence bands
for N=20 and N=100 results.



EXAMPLE Nr 7

IMPULSE TESTS PERFORMED WITH THE STEP METHOD

TEST DATA

Test object: Peoint-to-sphere 15 mm gap in

mineral oil.

impulse 1.2/50 us

Test~voltage: Lightning
positive polarity

Test procedure: Application of impulses with
progressively increasing peak values (step
method) - one impulse per level until break-
down. Initial voltage level: U;=20 kV.
Voltage step: aU= 5 kV.

Test conditions: Test cell at atmospheric
pressure and ambient temperature. Electrodes
and o0il changed after each breakdown.

Experimental results:

10 values of the breakdown voltage (kV peak)
in chronclogical order (moving horizontally)

75 60 55 60 75
60 55 50 45 60

INPUT DATA ARRANGEMENT FOR THE CALCULATIONS

A. Considering the data as obtained from the
application of different test-voltages
(test-voltage = single impulse)

i|lu vy [N} N,
1 45 1] 9
2 50 1| 8
3 55 21! 6
4 60 44 2
5 75 2| o

B, Considering the data as cbtained from the
application of complex stair test-voltages
{test-voltage = series of incr. impulses)

[

U (k)
45

55

[ I I N IR [P E

60

Ny
1
50 1
2
4
2

wle |wlinilx

75 10

STATISTICAL ANALYSISB

A. TEST-VOLTAGE =
OF P(U)

Interpolating function:
Likelihood function:

Most 1ikely values of the parameters:
Uy = 58.4 kV 2, = 8.31 kv

90% confidence intervals of the parameters:

54.4 kV £ Uy, < 68.1 kV
4.66 kV < Z =< 21.8 kV

SINGLE IMPULSE. ESTIMATION

Modif. Weibull; K,=4

Expression (6.6)

Index of the goodness of fit:

See Fig.1(E7) and Fig.2(E7}

P(g) = 0.811
Diagrams:

B. TEST-VOLTAGE = COMPLEX STAIR (SERIES OF
INCREASING IMPULSES). ESTIMATION OF F(Uﬂ.

Interpolating function:
Likelihood function:
Most likely values of the parameters:

Usgq = 55.4 KV 2, = 6.88 kV

Modif, Weibull; K =4

Expression (6.11)

0% _confidence_ intervals of the parameters:
50.4 XV s Uy < 60.3 kV

4.30 kV < 2 =< 13.1 kV

Index of the goodness of fit:

P(g) = 0.835

Diagrams: See Fig.1{E7) and Fig.2(E7)
A
z (kv
2] Z (V)
¥ A
24
20 4
16 -
4 B
12
8 4
1 _ Ugg (kV)
4 T T T T T
50 55 60 65 70

Fig.1 (E7) - 90% confidence regions of the

parameters of the functions:

P(U) - case A (test-voltage = single imp.)

F(Uﬂ - case B (ltest-voltage = series of
increasing impulses).
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A G R RTINS WA

U (kv)

T T T T T

45 50 55 60 €5 70

Fig.2 (E7) - Conventional representation,
with continuous curves, of the discrete
functions P(U) and F(uy) estimated from the
same set of results, analysed in two ways
(cases A and B).

EXAMPLE Nr 8

COMPARISON TEST

TEST DATA

Test object 1: Point-to-sphere 50mm gap in
mineral oil. Extension of the needle from the
tip of the needle holder equal to 20 mm.

Test object 2: The same as test object 1 but

the extension of the needle is equal to

15 mm,

Test voltage: AC (50Hz) ramp voltage with

rate of rise r = 1 kV/s

Test procedure:

*» Voltage increased until failure. Circuit
opened immediately after failure. One

minute interval between failure and suc-
cessive test voltage application.

* Failure criterion: appearance of a PD pulse
with apparent charge exceeding 100 pC

Test condjitjons: Test cell at atmospheric

pressure and ambient temperature
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erimental results:

20 PD inceptien voltages (kV) for each test
object given below in chronological ordexr
(reading horizontally)

Test object 1 (results R,)

19.9 21.5 23.3 23.3 22.2
23.3 23.3 24.4 24.4 22.0
22.1 23.2 24.1 23.5 24.2
23.6 23.6 24.7 24.1 24.3
Test object 2 {results R,)

21.2 23.5 23.5 24.7 23.0
24.8 24.2 27.0 24.7 23.6
23.6 25.2 25.3 22.5 24.2
24.1 24.3 24.8 23.7 26.0

8TATISTICAL ANALYSIS

The purpose of the experiment is to check
if the extension of the needle from the tip
ot the needle holder has an effect on the PD
inception voltage level. For this reason a
statistical test of the following hypotheses
is made:

H: The two sets of results come from the
same population. In other words the
extension of the needle has noc effect on
the PD inception voltage and therefore
the differences between the results of
the two sets are not significant.

H,: The opposite of H, i.e. the two sets of
resultse do not ¢ome from the same popula-
tion. The extension of the needle has an
effect on the PD inception voltages and
therefere the Jdifferences between the
results of the two sets are significant.

h st

For the determination of the value of the
ratio b by expression (10.7) it is necessary
to determine the intervals on the X-axis
(X=U). This determination is not completely
arbitrary and should be done according to the
following criteria:

» The intervals must cover the whole range of
voltages from 0 to =.

* Any interval should contain at least one
result of each set.

» The limits of the intervals should not
coincide with results.

+* The maximum number of intervals, satisfying
the above requirements, should be selected
(unless the results are extremely numerous).

In order to facilitate the determination of
the intervals, the results of the two sets
are arranged in increasing order as shown
below. The two sets can be distinguished
because the number of results obtained from
test object 1 at a given voltage level are
marked with an asterix.



U (kV) N, U (kV) N,
19.9 1 23.7 1
21.2 1 24.1 2"y 1
21.5 1" 24.2 1%; 2
22.0 1 24.3 1°; 1
22.1 1" 24.4 2"
22.2 1" 24.7 1%; 2
22.5 1 24.8 2
23.0 1 25.2 1
23.2 1" 25.3 1
23.3 4" 26.0 1
23.5 1%; 2 27.0 1
23.6 2"; 2 - -

The intervals obtained from these tables with
the application of the criteria mentioned
above are given in the table below together
with the data necessary for the calculation
of the ratio "b".

INTERVAL My | N/, | Ny | Ny /N, | N | N/N
0.0 - 21.4 1 0.05 1 0.05 2 0.050
21.4 - 22.6 4 .20 1 0.05 5 0.125
22.6 — 23.4 5 0.25 1 0.05 6 0.150
23.4 - 231.9 3 0.15 5 0.25 B8 0.200
23.9 - 24.6 6 0.30 4 0.20 10 0.250
24.6 — inf. 1 0.05 8 0.40 -] 0.225
& My
H(i‘i]
AU N
b= — ELES = — = 2.55x107
II[NH] “(Nzi] 21
=1 NJ. N2
v=6-1=25 X3 im = x2 (5,90} = 9.24
b, = exp(-9.24/2) = 9.85-107
b <bj; ~ H is rejected
-] Se a ve ca i=]
of _the goodness of fit
Interpolating curve relative to the set of

results R,
Interpolating function: Modif. Weibull; K =4
Likelihood function: Expression (6.11)

Most likely values of the parametars:
lkm = 23.3 kV Z, = 1.1¢% kv

90% confidence intervals of the parameters:
22.78 kV s Uy s 23,80 kV
0.90 KV = Z =< 1.72 KV

Index of the goodness of fit:
P(g) = 0.264

Interpolating curve relative to the set of
results R,

Interpolating function: Modif. Weibull; K =4

Likelihood function: Expression (6.11)
Most likely values of the parameters:
Ugoy = 24.2 kV Z, = 1.34 kv
90% confidence intervals of the parameters:
23.64 kV = Uy, = 24.81 kV

1.00 kV = 2 = 1.94 kV
= 0.796

Index of the goodness of fit: P(g)

Interpolating curve relative to the two sets
eof results R, and R,

Interpolating function: Modif. Weibull; K =4

Likelihood function: Expression (6.11)
Most likely values of the parameters:
Uggy = 23.8 kV  Z, = 1.38 kV

90% confidence intervals of the parameters:
22.74 KV < Ugy < 23,75 KV

0.92 kV £ 2 5 1.64 kV
= 0.443

Index of the gcodness of fit: P(qg)

From the above analysis it follows that
the expression of the interpolating function
is:

®=1-~-0.5¥

[1+

(E8.1)

3
1]

U-23.87+9
5.52

Verification of the goodness of fit of (ES.1)
to the results R,

This verification is based on the ratio

g which in this case 1is given by the
expression:
m
[0,
1
iel
g= — (EB.2)
N,
IEI(NL‘) 11
il M
where A®,=&(U;)-&(U, ).
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The data relative to the set of results R,
necessary for the determination of g are
given in the table below.

where Aﬂ=@(UQ—¢(Uh0.

The table with the data relative to the
results R, necessary for the calculation of g
is given below.

Results R, Results R,
i INTERVAL N, | N/N 2, a9, i INTERVAL N; | /N 2 .13
1 0.0 - 20.7( 1 |0.05| 0.0128 | 0.0128 1 0.0 - 21,9 1 | 0,05 0.0864 | 0.0864
2 |20.7 - 21.8! 1 |0.05| 0.0759 | 0.0631 2 |21.9 - 22,8 1 |0.05| 0.2320| 0.1456
3 121.8 - 22.1| 1 |90.05] 0.1105/| 0.0346 3 22.8-23.31 1 |0.05{0.3548/| 0.1228
4 |22.1 - 22.2| 1 {0.05]| 0.1243 | 0.0138 4 [23.3 - 23.6| 2 [0.10]| 0.4402 | 0.0853
5 |122.2 - 22.71 1 |o0.05| 0.2110 | 0.0887 5 | 23.6 - 23.7] 2 |0.10] 0.4698 | 0.0297
6 122.7 - 23.3] 1 |0,05(0.3548 ] 0.1438 6 | 23.7 - 23.9| 1 |0.05| 0.5304 | 0.0606
7 123.3 - 23.4| 4 |0.20] 0.3824| 0.0276 7 123.9 - 24.2] 1 |0.05|0.8216 | 0.0912
8 |23.4 ~ 23,6 1 |0.05| 0.4401 | 0.0577 8 124.2 - 24.3| 2 | 0.10( 0.6513 | 0.0297
9 [23.6 - 23.9] 2 | 0.20] 0.5304 | 0.0903 9 [24.3 - 24.5| 1 | 0.05|0.7088 | 0.0575
10 ) 23.9 - 24.2]| 2 |0.10} 0.6216 | 0.0912 10 { 24.5 - 24.8f 2 | 0.10| 0.7876 | 0.0788
11| 24.2 - 24.3| 1 [{0.05)| 0.6513 | 0.0297 11| 24.8 - 25.0| 2 }0.10| 0.8335 | 0.0459
12 1 24.3 - 24.4( 1 | 0.05| 0.6805 | 0.0292 121 25.0 - 25.3{ 1 | 0.05] 0.8907 | 0.0572
13124.4 - 24.6| 2 |o0.10| 0,7362 | 0.0512 131 25.3 - 25.6| 1 j0.05| 0.9334 1 0.0427
14 | 24.6 — inf. | 1 {0.05) 1.0000 | 0.2638 14 {25.6 - 26.5; 1 |0.05| 0.9913 | 0.0579
15| 26.5 ~ inf. | 1 } 0.05| 1.0000 | 0.0087

Applying expression (E8.2) to the data of the
above table we obtain:

g = 4.19-207%
X"'u,,, = x:(13,90) =
Yiim = €XpP(-19.8/2) =

vo=14 = 1 = 13
19.8
6.77-107°

9 < gyja ~* H, is rejected

Yerification of the goodnessa of fit of (E8.1)

to the results R,

This verification is based on the ratio
g which in this case is given by the expres-
sion:

8 Cd
RE)

FLIY

(E8.3)
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Applying expression (E8.3) to the data of the
above table we obtain:

4.58.107° v =15
x*im = x2{14,90) =

g = - 1= 14
21.1
9im = €Xp{-21.1/2)=2.62.107°

9 > 9i;a * H, can not be rejectea

al conclusion

For the rejection of the hypothesis H, it
is sufficient that we find g<g,;, for at least
one of the sets of results. Since this is the
case for the results R, the final econclusion
is:

the hypothesis H, is rejected



Lz v

1.14 o

-

0.94

&

707

Usa{kv)

2 (o)
2.00

1.80 4

1.60 4
907
1.40 A

1.20 4 Ry +

1.00

T T T T T T T T T
22.80 23.20 23,60 24.00 24,40 2480 25.20

Uso(kv)

0.80 L
22.79 230 23

Fig.1 (E8)

- Comparison tests.
the boundaries of the 90% and 70% confidence
regions of the parameters relative to the

T T T

.50 23,90 2430 2470 25.10

sets of results R, and R,.

Diagrams of

90+

701

1F (%)

U (kv)

23 24

25

26 27

901

¢
40

204

F

U (kv)

Fig.2 (E§)

20

2‘1

22

23 24 .

25

- Compariscn tests.

26 27

bDiagrams of:

a) the function F,(U) with its 90% confidence
band compared with the
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APPENDIX 8

EXTRACT FROM REFERENCE [1]

STATISTICAL EVALUATION OF DIELECTRIC TEST
RESULTS

by G. Carrara and W. Hauschild
Electra number 133, December 19%0

Reference [1] covers the following aspects.

a) The description and the classification
of the tests considered in IEC Publica-
tion 60 [5]:

Class-1: Multiple Level Method (MLM),

class=-2: Up-and-Down Method (UDM},

Class-3: Progressive Stress Method
(PSM) . covering all procedures
indicated as "Egual Test-volt-
ages" in Table 1.

b) The concept of "Reaction function" to
characterize the response of the insula-
tion to the application of a test-volt-
age. Therefore, all functions in Table 1
of Section 4 are the reaction functions
to the listed test-voltages. When the
"interpolating function mentioned 1in
Sectioh 4 is an estimate of a function
belonging to Table 1, it is the estimate
of the relevant reaction function.

c) The mathematical expressions (Gauss,
Weibull and Gumbel distributions) used
Ior the approximations of the character-
istic functions.

d) The analysis of the procedures for the
best point estimation of the parameters,
for the evaluation of their confidence,
and for the graphical representation of
the empirical and of the estimated char-
acteristic functions using the "classic-
al" and the "likelihood" methods.

In this extract only the parts relevant to
the "reaction function” and to the analysis
with the "classical" methods are reported.

To apply the statistical analysis it is as-
sumed that the insulation reacts to the ap-
plication of a test voltage with a discharge
probability, which depends on the character-
istics of the test voltage. The set of all
test voltages with the same shape, which are
characterized by their peak value, will give
discharge probabilities ranging from zero to
one. The relationship between the prebabili-
ty of discharge P, and the corresponding
peak value of the test voltage U, is a func-
tional relationship, P = P(U), that can be
called "Reaction function" of the insulatien
to that particular test voltage shape.

For most practical types of insulation and
of test voltage shapes, the Reaction func-
tion shows a monotonous increase of the dis-
charge probability with the increase of the
peak value of the test voltage (Fig. 1 (A8}
curve a). However, in some types of insula-
tion, the discharge processes are sensitive
to the absolute value of some characteris-

tics of the test voltage (absolute steepness
of the front of impulse voltages, etc.),
which, with constant shape, vary with the
peak value of the test wvoltage. In such cas-
es, more than one discharge mechanism is ef-
fective, and, in a particular voltage range,
the discharge probability may even be de-
creasing with the voltage (Fig. 1 (A8} Db}.

BREAKDOWN PROBABILITYE

voltage U

Fig. 1 (A8) - Shape of reaction function for

impulse voltages.

a) Commonly encountered shape: P is monoto-
nously increasing with the peak value U
of u(t).

b} Shape for a particular dependence of the
breakdown mechanism on the steepness of
the front of u(t).

Tests performed with MLM and UDM estimate
directly the reaction function. The MLM es-
timates the values of the parameters which
characterize the whole function. The UDM
gives estimates of voltages U, with desired
target probabilities p'.

The reaction function P(U) can be estimated
also using the PSM. This occurs when the PSM
consists of the application of series of
test voltages with increasing peak values
until the first discharge occurs. To esti-
mate the parameter of the reaction function,
the discharge probability should be derived
from the frequency of discharge for each
level separately.

It should he recognized that the reaction
function, P{U), and the cumulative probabi-
lity function of the discharge veltages,
F(U)}, are theoretically different. Actually,
F(U), that is the probability of having a
discharge before or at the level U, depends
not only on the discharge probability at
level U, but also on the fact that all lev-
els at lower peak voltages were withstood.
Furthermore, ¥(U) depends also on the test
procedure (starting voltage U and step am-
plitude aU). A relation, however, exists
between F(U) and P(U) for each test proce-
dure.
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The examination of this consideration
led to the introduction of the term
Ycomplex test-voltage” in Section 2.1,
nhecessary to clarify the matter. Actual-
ly, the function P(U) considers the im-
pPulses as single test voltages, and the
stair as a method of their application,
while F(U) considers the series of im-
pulses as a complex test-voltage, which
includes starting voltage U and step am-
plitude AU in its characterization.

Rerference [1] then describes the "clas-
sical metheds" for the analysis of test
results, preceded by a description of
the "Procedure for the analysis*”.

The analysis of test results consists of:
An independence test, to check if the re-
sults show a trend (e.g. higher discharge
frequency at the beginning than at the end
of a series), or too many or too few groups
of consecutive jiterations of the same event.

ica esentation of the empirical
distribution function (i.e. the function as
measured) .

A mathematical approximation of this func-

tion by a suitable expression, using the
procedure described for the determination of
the parameters of the best fitting expres-
sion.

A goodness—of~fit test, to check if the best
fitting mathematical approximation fits ac-
ceptably the test results.

All statistic tests, in particular the con-
fidence estimations of the parameters of the
expressions, are made on the basis of a pre-
selected statistic confidence ¢ (typical
values of C are 0.9 to 0.99). In case of
mixed distributions, which are observed rel-
atively often, partial approximations by the
mentioned mathematical expressions, or spe-
cial methods described in the literature,
are recommended.

Analysis of Class-] tests (MIM)
The independence_test. An example is given

in Table 1 (A8). Firstly a trend test is
performed. It simply consists of subdividing
the whole sample in two parts, and evaluat-
ing the test statistic Z,:

£, -F
z, = [£,- 5, (A8.1)
A*B
A= (fi*n, + £,*n,) /(ny + ny)
B = (n#*(1 - £) + n,*(1 - fa))/(n1*nz)

£, and £, are the discharge frequency,
n; and n, the sample size.

If the statistic 2z, is not larger than the
critical value of the Gauss distribution

A1 4 ¢y2r corresponding to a desired confi-
dence (e.g. C= 0.95, dgors = 1.96), the
independence is not rejected.
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Table 1 (A8) - Independence test for the
discharge probability.

) Events  : Discharge x Withsiand £ fn
130 f - <] x)-|-[-|x|x|-]~]0.10
-0 |« |l |-lx|-t-|=-|=1-1ou0
130 | x{-|-dx{-|-|x|=|x|-]|ou
a0 | <~ x| | x| == om0
4i - 50 -T-Tx:zz:_-_- o0 f o
51 - &0 - - x - - | = -l =-1=x]=1]09.3
st-10 | <] -fx|-|-|<1%1-|-|0z
80 |x|x|x|-l-dal-|-]x]|- o0
-9 |~]-|xl-t-dl-l-1-1-1"1%m
%1 - 100 X _-_-_-————! x - - -—;:"0.40
el e S W
tast lterations ¢ = 48 £ w 1.656 <)o 975
probabi- | f1-10 * 9.3¢ | fgy_ 105 » 0.40] 245 = 0.469 <Ag.g7s
Loy £, - 0.29 €L,min = 0.10] 24y = 1.288 <hg. 975
cesc f, = 0.29 £, max = 0.50| ey = 1.370 €dg_gag

A runs test of iterations is then performed.
It consists of subdividing the whole sample
of size n in sequences of the sgame event,
counting their number, r, and evaluating the
test statistic z;:

r-2(n-k) X
z, = n

1
k
2 (ﬂ-k) n1.5

(38.2)

If the statistic z; is not larger than the

critical wvalue of the Gauss distribu-
tion, Ay + qy2r Corresponding to a desired
confidence (e.g. € = 0.95, Xogrs = 1.96),

the independence is not rejected.

It should be mentioned that the two statis-
tics z, and z; approach Gaussian distribution
in large samples; for small samples, cri-
tical values for these statistics are avail-
able in the relevant statistical tables.

The graphical representation. For each value

x; the corresponding discharge frequency £
and its C-confidence interval P,—P, are
plotted on the probability paper of the ap-
proximating function (Fig. 2 (A8)). Then a
by-eye best fitting straight line is drawn
through the confidence intervals, represent-
ing empirically the approximating function.
This can be used for the estimation of pa-
rameters by quantiles (Fig. 2 (A8)). It is,
however, much better to draw the straight
line according to the results of an analy-
tical evaluation.

The analvtical evaluation. The measured fre-

quencies f; are transformed, using the in~
verse of the mathematical expression chosen
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Fig. 2 (A8} - Graphical analysis of élass—l
test (MLM}. Gumbel paper. Empirical dis-
charge probability function P(U).

to approximate the empirical distribution
function. A conventional linear regression
(e.g. minimum squares) is applied to the
results of this transformation. The param-
eters of the empirical function are cal=~
culated from the regression coefficients.
For the evaluation of the confidence limits
refer to the literature.

The goodness-gf-fit test. The test consists
of checking of how many of the n confidence
intervals P;;~—P,, of the measured frequen-
cies f, are crossed by the straight line re-
presenting the approximating function. If
this line does not cross at least C*100% of
them, the test is considered not passed, and
the approximation should be rejected.

Example. A class-1 test (MLM) was performed
with n = 12, and m, = 100 for all levels (j
= 1, 2, .., 20). The results are given in

Table 2 {A8). The independence for each lev-
el was tested, as previously described, us-
ing the actuwal seguence of discharges and
withstands. A Gumbel distribution was adopt-
ed as reaction function. The measured fre-
quencies and their 0.95 confidence intervals
were plotted at the relevant voltage levels
U; on Gumbel paper (Fig. 2 (A8)). The best
approximation (i.e. the straight 1line in
Fig. 2 (A8) was calculated by linear regres-
sion of the transformed freguencies. The
goodness—of-fit test is satisfied, because
the straight line crosses at least 19 confi-
dence intervals (C*n 0.95%20 19. It ac-
tually crosses all the n 20 intervals).

Analysis of Class-2 tests (UDM)

The independence test. The trend of the out-
comes U, (j= 1, 2, n) is compared with
their arithmetic mean value (. If they scat-

sy

fl

Table 2 (A8) - Result of a Class-1 test.

voltage
Uy (kv)

impulses discharges Jrequency
my kj fj

fevel

1065
1071
107s
1083
1GB9
1094
110¢
1107
9 1111
1120
1128
1135

100 2
100 3
100 5
100
100
10Cc
100
asls)
100
100
ico
100

0.02
0.03
0.05%
0.11
0.10
0.21
0.29
0.48
0.56
0.88
0.98
0.99

M o o b WA

ter randomly around (U, the independence can-
not be rejected. An increasing or decreasing
tendency characterizes a dependency, and the
test should be repeated under improved con-
ditions.

No graphical representation is foreseen, as
no approximating function is necessary for
the analysis. However, the sequence of test
results shown in Fig. 1 (A8) can be consid-
ered a kind of graphical representation.

The analytical ewvaluation. It is performed
according to IEC Publication 60 [1] [2]. At
the end of the test the n voltages U; result
distributed in m voltage levels Ui (i = 1,
4+, M << n), at each of which k; series of
test voltages were applied. The expected
value U can be simply estimated by the a-
rithmetic mean value of the levels U,
(weighted with k;) at which at least two
series of test voltages have been applied
(x; = 2):

m
Z kyxU;)

(
1=1

3 (k)
=1

U

A (A8.3)

More precise estimations of the value U, of
its standard deviation ¢, and of the rel-
evant confidence limits are given in the
literature.

No gopdness-of-fit test is reguired, for the
same reason put forward for the graphical
representation.

It is worth mentioning that with the clas-
sical methods all estimation of UDM are re-
lated to the Gauss distribution. Further-
more, with the classical methods, it is es-
sential that no mistake is made during the
test (increasing the voltage instead de-
creasing it, applying the test voltage at a
wrong level, etc.).

Example. Fig.
of a class-2 test
for h

3-A (A8) reports the results
(UDM) with procedure A,
7 impulses per level. Consequently,
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- Procedure A (for expected p'=10% < 50%) with h =

level,

~ Procedure B (for expected p'=90% z 50%) with h =

level.

p' = 0.10. From eguation (A8.3) U, = 1008.3
kV is obtained. Fig. 3-B (AB) shows a test
with procedure B: p' = 0.9%0, Ugy = 1101.7 kV.

Analysis of Class~3 tests (PSM)

The independence test. A simple trend test

can be performed as described in the anal-
ysis of cClass-2 tests (Fig. 4 (A8)). &an
improvement of this test is the subdivision
of the samples into groups and the compari-
son of the parameters of the first and the
last group with each other and with the
whole sample by statistical tests. An addi-
tional independence test consists of the re-
duction to a series of alternating events
such as "“higher" and "lower" than the mean
value, and the application to that of the
"runs test",

U= 9496 kY iy U =952,5kV
U SO 170KV s 14 3RV
000
%0
950

Usg= I3V
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920 T-————-um-Zs
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1 5 v B W B3 0B 4) 45 SO

SLQUEMTLLL, NUMBER OF TEST VOLTAGE APHICA HION

Fig. 4 (A8) - Seguential results of Class-3
test. Relevant independence test.

60

7 impulses per

7 impulses per

The epresentatjon. All n outcomes
should be put in order of increasing values
(x, < X, < .. < x,) and for each value x; the
cumulative frequency F, = F(x;) = i/n is de-
termined, and used for the construction of a
"stair" function on the relevant probability
paper (Fig. 5 (A8)). Each outcome causes a
step of height p, = 1/n. This representation
can be approximated by a polygon connecting
the points of coordinates X;, i/(n+l) or x,
(i-0.5)/n. The best fitting straight line
may be drawn by eye. However, to check 1if
the approximation is sufficient, it is sug-
gested to use the analytical expression of
the best fitting function later described.
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Fig. 5 (A8) - Graphical analysis of Class-3
test (PSM). Gauss paper. Empirical cumula-
tive function Fuj.



ytical evaluation. It is based on

estimators: the mean and the mea-
‘iation (x,,5,) of the measured wval-
umbel and Gauss, or (ym,sv) of their
s, for Weibull functions.

metic mean and measured deviation
lues X; are:

n (A8.4)
3 (x5-x,)?
I=l

(n-1)

the Gauss distribution the point
‘s are:

(A8.5)

tlation of the confidence limits is

led, and for the Gumbel distribution

. estimators are:

[ ol

; N = X+Y K, (A8.5)

a

and k, are correction factors given
3 (AB).

ithmic mean value and measured de-
f the values x; are:

£ (n(x))

=1

£ (1n(x) -y he-m
i=1

{(n-1)

the Weibul]l distributjon (two pa-

X, = 0) the point estimators are:

8* = 1,283 K

1t

H
¥ (A8.8)
nt = e(y,,+0.455yj

where k., is a correction factor given in Ta-
ble 3 (A8).

Table 3 (A8) - Correction factors for the
point estimators of the Gumbel and Weibull
distributions.

Sample Distributions
size Gumbel Heibull
n kn1 kn2 kna
10 0.950 0.495 0.863
15 1.021 0.513 0.906
2Q 1.063 0.524 G.923
a0 1.112 0.536 0.950
40 1.141 0.544 0.961
50 1.161 0.549 0.969
&0 1.17s5 Q.552 0.974
80 1.194 Q.557 0.9580
100 1.207 0.560 0.984
limit 1.282 0.577 1.000

For the evaluation of the Weibull distribu-
tion with three parameters (x, # 0), and for
the calculation of the confidence intervals,
reference is made to the literature or,
still better, the use of the likelihood pro-
cedure is recommended.

The goodness-of-fit test. It can be based on
the difference between the calculated an-
alytical approximation and the empirical
function previocusly described.

Example. The result of a class-3 test (PSM)
is reported in Fig. 4 (A8), the independence
was not rejected by the two comparisons: of
the single values with the arithmetic mean
value Uenr and of the first and last ten val-
ues. As frequency function, a Gauss distri-
bution was assumed. The "stair" function was
plotted on Gauss paper (Fig. 5 (A8)). The
parameters Uy, and z were determined accord-
ing to equation (A8.5), and the approxima-~
tion function was plotted in Fig. 5 (A8) as
a straight 1line. The approximation is not
rejected, because the straight line fits the
stair function very well.
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